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Abstract

We develop a variant of rough path theory tailor-made for the
analysis of a class of financial asset price models, the so-called rough
volatility models. As an application, we prove a pathwise large de-
viation principle (LDP) for a certain class of rough volatility models,
which in turn describes the limiting behavior of implied volatility for
short maturity under those models. First we introduce a partial rough
path space and an integration map on it, and then investigate several
fundamental properties including local Lipschitz continuity of the in-
tegration map from the partial rough path space to a rough path space.
Second we construct a rough path lift of a rough volatility model. Fi-
nally, an LDP on the partial rough path space is proved and the LDP
for rough volatility then follows by the continuity of the solution map
of rough differential equations (RDE).

1 Introduction

A rough volatility model is a stochastic volatility model for an asset price
process with volatility being rough, meaning that the Holder regularity of
the volatility path is less than half. Recently such a model has been at-
tracted attention in mathematical finance because of its unique consistency
to market data. The rough volatility models are indeed the only class of con-
tinuous price models that are consistent to a power law of implied volatility
term structure typically observed in equity option markets, as shown by
[13]. Not only to derive a power law but also to seek a precise approxima-
tion formula, an LDP under rough volatility models has been extensively
investigated by many authors [7, 3, 2, 9, 10, 22, 23,24, 27,25, 28].

Under rough volatility models, the volatility of an asset price has a lower
Holder regularity than the asset price process. The stochastic integrands
are therefore not controlled by the stochastic integrators in the sense of [20].
Hence, a rough volatility model is beyond the scope of the rough path the-
ory, which motivated [2] to develop a regularity structure for rough volatil-
ity. For classical stochastic differential equations, the Freidlin-Wentzell LDP
can be obtained as a consequence of the continuity of the solution map (the
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Lyons-It6 map) that is the core of the rough path theory. In [2], the LDP for
rough volatility models is obtained using the continuity of Hairer’s recon-
struction map. We takes a similar to [2] in spirit but different approach in
this paper. In stead of embedding a rough volatility model into the abstract
framework of regularity structure, we develop a minimal extension of the
rough path theory to incorporate rough volatility models. The advantage
of our approach is, besides its relatively elementary construction, is that we
can prove the continuity of the integration map between rough path spaces.
This enables us to treat a more general model than in [2] using the simple
fact that the composition of continuous maps is continuous.
We focus on a model of the following form:

dS; = o(St, ) f(Xp)dXe, So €R, (1.1)

where X is a d-dimensional Brownian motion and X is a one dimensional
Riemann-Liouville fractional Brownian motion with the Hurst parameter
H € (0,1/2]. The stochastic integration is in the It6 sense. From empirical

evidences, we are particularly interested in the case where X is correlated
with X and H < 1/4[18, 4,17, 5]. The rough Bergomi model introduced by
[1] and its SABR-type extension (the rough SABR model) [15, 29, 16, 14] are

of the form (1.1) with f being an exponential function. Notice that X is not
controlled by X due to its lower regularity. Note also that a rough path lift

of (X, X) requires to consider iterated integrals of X, which is problematic
when H < 1/4 as is well-known in the rough path literature. Our idea,
inspired by [2], is to consider a partial rough path space where we lack of
the iterated integrals of X but are still able to treat (1.1).

Here we argue how such a partial rough path space should be. Suppose
thatx : [0,T] > R¥(d 2 1),£:[0,T] — R,and f : R — Rare good enough.
By the Taylor expansion, for s < t (which are close enough),
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where y; := fot f(%,)dx,. Therefore, if we could define
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we would be able to define a rough path integral / f(%,)dx,. By the linear-
ity of the integration and the binomial theorem, X (@) and XUk satisfy the
following formula respectively: forany i,j, k2 0,ands S u <t¢,

and
(k) ('k) - ;) (q)
o o Yk e
=0
q (1.3)
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These should play the role of Chen’s identity for our partial rough path
space. We remark that essential in avoiding iterated integrals of X is the
assumption that X is one-dimensional.

In Section 2, we formulate such a partial rough path space and state
some fundamental properties including the continuity of the integration
map. In Section 3, we construct a rough path lift of our rough volatility
model and state an LDP. Proofs are relegated to Section 4.

2 A partial rough path space

2.1 Definition

Throughout this article, we fix a € (3, 2] B e, 2) and denote
Ar:={(s,)0=s<t =T}, I:={i €Z:|if+a <1},

and
Ji={(,K) € Zy X Zy|(j + k)B +2a S 1},

where Z, is the set of the nonnegative integers. Extending the notion of
a-Holder rough path in the rough path theory, here we define an («, )
rough path.

Definition 2.1. An (a, §) rough path X = ()A(, X, X(jk)) S is a triplet
i€l,(j,k)e

of functions on Ar satisfying the following conditions; foranyi € I, (j, k) € |
ands S u <t,

(i) X is R-valued, XV is R%-valued, and XU® is R? ® R-valued.



(ii) Modified Chen’s relation: X = X, + Xy, and X and XUK satisfy (1.2)
and (1.3) respectively.

(iii) Holder regularity:
A . . k .
Xl s lt—slf, XD < e—sre,  |XUY| g |t - s|0RB22,

Let Q(, gy 1 denote the set of the (a, f) rough paths. We define a metric
function d, g) on ()4 g)-H10 and a homogeneous norm [||X||| (4 ) respectively

by

d(a,p)X,Y)
=X = V|lprma + Z XD = YD |igpacmma + 1IXYO = YOO pa20-114,
iel,(j,k)e]
and
N1X N w,p)
n . 1/(i+1) . 1/(j+k+2)
=1Npama+ Y (X Migrarna) (XN egpozarna)
i€l K)e]

where || - ||,-f1q is the usual y-Hélder norm for y € (0, 1].

Remark 2.2. Note that the modified Chen’s relation and the Holder regu-
larity of X and XU¥ are, as explained in Introduction, from the following
correspondence:

)1 [y o 1 e ko
x§ o= [ (&) ax?, X0 o = / (%) x ®dx”
©Js *JSs

when X© and X have the Holder regularity a and p respectively. Note
also that (X©,X) is an a-Holder rough path with the first level X(© and
the second level X in the usual rough path terminology. An (a, ) rough
path has two first level paths: X and X.

Remark 2.3. Our modified Chen’s relation is a particular form of the alge-
braic structure of branched rough paths studied in [21]. However, since X
is not a controlled path of X, the novel framework of (a, ) rough path is
essential to establish the rough path integral stated introduction.

2.2 (a, B) rough path integration

Extending the rough path integration, here we introduce an integration
with respect to an («, f) rough path.



Definition 2.4. Fix X € Q(, g) 4. We define YD and Y@ as follows if exist;

N
1 . i (2 '
Y= im 3D VG X

PINO = et

N
Y? .= lim YYD ey®

(% kgis (jk)
st 1PIN0 totp—1 < Ltpaty +Z VIf(£, )V f(xtpq)xt,,_lt,, ’
p=1

(k€]

where £, := X5, and P = {s =ty <t < .. <ty =t}isa partition of the
interval [s, t]. The mesh size |#| is defined by || = max; |t; — tj_1]. If they
exist on Ar, we denote (Y1), Y)) by / f (X)dX, and call it the (a, B) rough
path integral of f.

Denote by ,.p14 the a-Holder rough path space, and denote by d,, the
metric function on Q. g4; see e.g., [11]. Here we state our first main result.
The proof is given in Section 4.1.

Theorem 2.5. Let 7 := max [ and assume that f : R — R is C"*L.

(i) For any X € Q,g)nid, the (a, ) rough path integral ff(X)dX is
well-defined, and [ f(X)dX € Qq-pa.

(ii) The integration map f : Q(a,p)H1d — Qq-mid 18 locally Lipschitz con-
tinuous. More precisely, for any M > 0, the map / |&,,, restricted on
the set

Em = {X € Quprrmal 1XIllap) < M}

is Lipschitz continuous, that is, there exists a positive constant C > 0
such that,

dy ( / F(¥av, / f(W)dW) < Cdiap) (V, W), V,Weé&p.

3 Large Deviation

3.1 A lift to the partial rough path space

We now construct an (a, ) rough path, which plays an important role in
this paper. The proof is defered to Section 4.2.

Proposition 3.1. Let (QQ, 7, P, {¥}+>0) be a filtered probability space, and
let H € (0,1/2). Suppose that X = (X 1 ...,X%)is a d-dimensional (possibly
correlated) Brownian motion, and W is a one-dimensional Brownian motion



possiblly correlated to X. Using the Ito integration, define X, X, and XU%)
as

A

t s t i
) 1 Y
Rai= [ hute-naw, - [k -naw, xP =1 [ (%) ax,
0 0 *Js

. t k.
(k) ._ l * () ._ 1 H-1/2
=g (X) Xy @dX,, k)= w7 "
for (s, t) € Ar. Then we have the following.
(i) Foras. w € Q, X(w) := (}A((a)),X(i)(a)), X(jk)(a))) is an (a, p)
iel,(j,k)e]

rough path for any g < H.

(ii) It holds
. 1) t
( / f(X)dX) = / F(RopdX,, as.
ot 0

where the left-hand-side is the first level of the (a, ) rough path
integral and the right-hand-side is the It6 integral.

3.2 The large deviation principle on Q, g).m4

We now discuss about the LDP on Q, g)1ig- Following [27, 25], we use
Garcia’s theorem [19]. Let (W, W) be a two dimensional standard Brown-
ian motion and X := pW + /1 — p2W+, p € [-1,1]. Define X, X® XG0k a5
in Proposition 3.1 with d = 1. We state our second main result. The proof
is given in Section 4.3.

Theorem 3.2. Let X = (X, X®, XU%) be the random variable taking value
on (Q(a,p)-Hid, d(a,p)) defined as above. Then, the sequence of triplets:
XE€ = (E.H}"(, (HDH x (D) e(j+k+2)Hx(jk))
satisfies the LDP on (Q(, g)-Hid, d(a,p)) With speed e~ with good rate func-
tion
(2, x0, xUk))

:= inf {I#(u, V)

u,v € Cjr),v €BV, (%, xW xRy = L(u,v)} ,
where BV is the set of the functions of bounded variation on [0, T], and
L(u,v) = (bu,u-v,u+v), u,v€Cpr), vE€BY,

u-v=(u-v),u*v=u=*jiv), (0u)s = us — us, and

t t
WWM:/WW%N% wwmwa/wwmw—mww
S S
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Here, I* is the same as in [25]:

1 2 v
= (u, v , (u,v)eH~,
00, otherwise,

where HY := {Iwg;g e L*([o, T],RZ)} with inner product

TV, 7Y ) = (g1, 82)2
and 7V : L%([0, T],R?) — L2([0, T], R?) is defined by

1Vgi= [ We-wgdn, g € 13(0T]R),
0
with W : R* — R?*2 defined by

Theorem 3.3. The sequence of the processes {Ye = / f (Xe)dxe} » satisfies

€2

the LDP on (Qg-t14, ) with speed e 2H with good rate function

I"**(y) := inf {I##(X)' XeQupHd, Y= /f(X)dX}

= inf {I#(u, V)

u,v€Cpr), vEBV, y= /f(ﬁ(u,v))dL(u,v)}.

where I is defined in Theorem 3.2.

Proof. By Theorems 2.5 and 3.2 together with the contraction principle, we
have the claim. m|

3.3 RDE driven by an (a, ) rough path integral and the Freidlin-
Wentzell LDP

We now discuss about the following type of RDE (in Lyons’ sense; see e.g.,
Section 8.8 of [11]):

t
5 = /O 3w, Y= [ FRALE Qa0 TLRY, G

where S; = S; — So, 5(s,t) = 0(Sg + s, ).

Theorem 3.4. Leto € Cg.



(i) RDE (3.1) drivenby Y = / f (X)dX has the unique solution. Moreover,
the solution map @;

©: Qo ([0, T, RY) X R = Qopa([0, T], RT)
is locally Lipschitz continuous with respect to d,.

(ii) The first level of the solution to RDE (3.1) is the solution to the It6 SDE
(1.1).

Proof. See Appendix B. m|

Theorem 3.5. Let o € Cg and S¢ := ®(Y€), where @ is the solution map of

Theorem 3.4. Then the sequence of the processes {S€} .o satisfies the LDP
on ,.Hiq with speed e2H with the good rate function I

I(5) := inf {I"™(Y)| Y € Qung, § = D(Y)}

=inf {I#(u,v) u,v€Cypr,veBY, 5= / a(s, -)f(]]:,(u,v))dL(u,v)}.

Proof. Since the solution map @ is continuous, Theorem 3.4 and the con-
traction theorem imply the claim. m|
3.4 Short time asymptotics

By the scaling property of the Riemann-Liouville fractional Brownian mo-
tion X and the standard Brownian motion X, we have

& H < 1/2
X€t~e Xt, Xet"’G/Xt.

This implies

et t
s et [ pax~ [ rpax;,

where (X¢, X¢) = ef(X, X), of which the rough path lift is X¢ of Theo-
rem 3.2. Let

~ Set —So . _
§ = 29220, 595, 1) = 0(So + VM ),

Then,
t
g - / 5e(3, u)dTe
0

and we can derive an LDP for 5¢ by an extended contraction principle [30].



Theorem 3.6. Let 0 € Cg’. Then, {§€ }o<e<1 satisfies the LDP on Q. 4 as
€ — 0 with speed e~ with good rate function

J(5)
= inf {I#(u, V)

u,v € Cpor),v €BV, 5= U(SO,O)/f(Iﬂ(u,v))dL(u,v)}.

Proof. Denote by @, the solution map of the RDE (3.1) with ¢ = 6¢. We are
going to show that @, is locally equicontinuous. Since

ViG]l < (1 + €)]|Val|eo < 27|V 0]]co,

thelocal Lipschitz constants of @, can be taken uniformly in € (as clearly seen
from the proof of Theorem 3.4 in Appendix B). Therefore @, is equicontinu-
ous on bounded sets, and we conclude ®.(Ye) — Py(Y) for any converging
sequence Y, — Y for any Y with I*#(Y) < co. Then by Theorem 3.3 and
an extended contraction principle [30][Theorem 2.1], we have the desired
results. O

Remark 3.7. By using usual arguments, adding the drift term to above RDE
is straightforward. Theorem 3.6 generalizes the preceding LDP results for
the case 0 = 1 called rough Bergomi model in [7, 2, 22, 27, 25]:

1 A A
dX; = —Efz(Xt)dt + f(Xt)dXt

Indeed, an LDP for the marginal distribution §f follows from the con-
traction principle, and the corresponding one-dimensional rate function
extends the one first obtained by [7] as follows.

Theorem 3.8. Assume ¢ € Cl‘:’ and |p| < 1. Then, tH-1/25, satisfies the LDP

t—2H

as t — 0 with speed with good rate function

- 1
z):= inf -
/@ geL2([0,1]) | 2

/1 o {z - pa(So,0) /01 f (Kug(r)) g,dr}2
r|odr +
0 2(1 - p2)0(S0, 002 [, f(Krg(r)2dr

where Ky g(t) = fot kp(t —r)g,dr.
Proof. See Appendix C. ]

4 Proofs of Main Theorems

41 Proof of Theorem 2.5

Proof. By a localizing argument, we can assume without loss of generality
that the derivatives of f are bounded. To shorten, let K := ||f]] s and
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M = |[[][|(a - Let

19 =Y Vif@)xY, D= > ViF@VEFEX.

i€l (jk)e]

Below we follow the standard argument of the rough path theory with
Chen'’s identity replaced by our modified version (1.2), (1.3).

(Claim 1) The first level of (a, f) rough path integral Ys(t1 ) is well-defined,
and has the following inequality;

YV < ket - 57, (4.1)
where
Cri= {1+ 200 C((n + 1B + )} (n+ 1)1+ M)™H (1 +T)"

and ((r) := Z;ozl %.

Proof. By Taylor expansion, we have

n—i

DIViIEIXE =Y %V”p f(&s) (X)p X" + R

iel iel | p=0
= 2 VfE) Z(z (% )X e B
iel i€l
(4.2)

where

1
L e— (1 — Q)n : n+l goa n+1—i (l)
R; = ( ; —(n =) VI f(Xs + QXSM)dQ) (Xsu) X, (4.3)

By the modified Chen’s relation (1.2) and (4.2), forany s < u < ¢,
(1) ](1) ](1)

= D VIR (X0 - XD) + Y VRO

iel iel
i i
=SV _1 (% ) TXD S V)X
/ (i _ p)! su ut / u)<yt
i€l p=0 i€l
= Z R;. (4.4)
iel
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Since foralli € I

|R | < K‘ < KMn+l—i|t _S|(n+1)‘8+a,

we have

(1) ](1) < K(n+1)(1+ M)n+1|t _ S|(”+1)ﬁ+a.

For any partition P = {s = tgp < t; < ... < ty = t}, let ](l)(P) =

N 9 then for some integer p which satisfies the condition of

p=17t, 1t,”
Lemma A.1, we have
1
1P P\
_ |7 0 0
- ]tp—ltp + ]tptpﬂ - ]tp—ltpﬂ

< K(n + 1)1+ M) tyag — ty_q|7HDEFe

D) (n+1)B+a
) |t _ Sl(n+1)ﬁ+a’

< K(n+ 1)1+ M)+ (N :

and this implies (note that (n + 1) + a > 1),

< K(n + 1)(1 + M) 2UDBR L (1 + 1)B + a) |t — s| VBT (4.5)

This inequality shows that { ]g)(P)} is a Cauchy sequence with |P| N\,
0. Therefore Ys(tl ) is well-defined. Furthermore, by (4.5), we have

|Y(1)| < U(l)l + |Ys(t1) (1)| < KCy|t —s|*.
We finish to prove the statement of (Claim 1). m|

(Claim 2) Let m := maxj )y |j + k|. Then the second level of (a, f) rough
path integral Ys(tz) is well-defined, and has the following inequality;

Y| < K2Calt - 52,
where
Co = m2M + (62 + ci’-T”-m) 2m VB2 (11 4 1)B + 201)

and
= (n? +2m)(1 + M)>" 31 + T)"+1.

In particular, we have f f (X)dX € Q,Hid-

11



Proof. By the modified Chen’s relation (1.3), forall s S u < ¢,
1 2
S(2) ](2) ]( ) ](1) ]( )

_ 0 g
Su
N A k ik A k
Py [VJ F(ROVEF(Rs) (XEL) th))+V]f(xu)ka(xu)X£[]t)]
(el
=Sl+52,
where
@) o, 7(1) i (o vk £ : 1 &\ G) ()
S1:= Jsu ®] Z V]f(xs)v f(xs) Zm(xsu) Xsu ®Xut ’
(G0 gm0 T 4”
and
i ~ ~ ik
Syi= ) VIFRIVFF(EX])
(el
i F(2 VK F(% LS 5 VP g
=2 IV 0% g (B
(0l =0 720

By Taylor expansion, we have

> VIFEIVEf(E)X) @ XL
(k)]
m—j—k ‘
=D 2 VGV AR X @ X+ R

(k)] \ p=0

k—q 1
= > VI EIVE(R) Z(k q),( ) xQe x|+ RV,
(ke

where

o (m—j—k)!
% (X )m+1 j- kx(]) ®X(k)

1 _ oym—-j-k ) .
Ry r=( O VI £V 1T £, + 0R,u)d0
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Hence

(1) ](1)
= D ViF@)xd e (Z VEF(R)X)
jel kel
= > VIFEIVFF(R)X) @ X
jel kel
1 A Fol k 1 A A k
= Y VIFGEIVHFEIXD @ X+ DT VIFEIVEFE)XD @ XY,
(j.0e] (j BeIxI\]
implies that

A K4
Si=IW el - > VIRV Z(k o (Ra) il e x)

(/. K)e]
1 k
= > RY) + > VIf@IVEF(E)XD @ XL, (4.6)
(/. K<) (G KeIx\]
and

k
sis ) RY s D ViRV GExE @ X
(k)] (i R)EIxI\]
< n?K2(1 + M)"™3(1 + T)"|t — s|m+DE+2, (4.7)

By Taylor expansion again, we have

m—j—k
k - oA )
> V@V F@OX = ) Z VI F(2)(Reu) + R
(k)] (joel | p=0

ut ’/

-k
Z VEH F(2)(Ron) + R X0
q=0

1 m—j—k
(2) (1 9) / m+l-k po 2o < ) o \m+1-j—k
R = —V Xs + 0X5,)dO | (X5, 1=,
( o (m—j—k)! f ) (Xeu)

Therefore we have

S, = Z R(3)x(]k) (4.8)

ut ’/
(k€]
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where

m—j—k m—j—k
3 2 A & 2
R = Z VI FR)Ra) R |+ ZO VE F(2)(Rou) R
q:
(2) 2
+R].k Rk]..

Since forallp =0,1,2...,m —j -k,

‘V K2(1 + M)2m+2(1 + T)m+l|t _ Sl(m+1)ﬁ+2a’
and
< K2(1 + M)2m+3(1 + T)m+1|t _ Sl(m+1)‘8+2a,
we have
1S2] < 2mK2(1 + M)¥"3(1 + T)™ 1|t — g|0m+Dp+20, (4.9)
By (4.7) and (4.9), we have

@ 4@ 4 10 g 1D 10l <151 415,
< K2C2|t _ S|(m+l)ﬁ+2a.

where Cp = (n2 + 2m)(1 + M)?>"*3(1 + T)"*1. Moreover, by (4.1) and
(4.5), we have

1 1 1
Ys(u) ngt) Ys(u)_ su

< KZC%lt _ Sl(i’l+l)ﬁ+2a‘

1 1 1
v o~

Let ](2)(7)) =" YW ®Y(l) + ] (2) . Then, above discussions and

p=1 totp-1 tp-1tp
Lemma A.1imply that (note that smce (n +1)p+a>1,(n+1)p+2a > 1
and the minimality of m, we have m < n)

(2) (2) (2) (1) (1) (2)
(p\{tp})‘ ]tp 1tp ]tptp+1 tp 1tp ® tp tp+1 ]tp 1tp+1
(2) (2) 1) (1) (2)
= ]tp Lip ]fpfwl ]fp 1tp ]tpfwl _]fpfltwl
(1) y® 1 (1)
Yi 1tp tpfp+1 ]tp 1tp ]tptp+1

< K? C2|tPJrl - tp_1|(m+l)ﬁ+2a + chfltpﬂ _ tp_1|(n+1)ﬁ+2a

|t _ Sl(m+1)ﬁ+2a‘

) (m+1)B+2a
N-1

< K2 (& + i) (—

14



This implies that (note that (m + 1)p + 2a > 1)
13 @) - I
< K2 (C2 N C%Tn—m) P +1)p+2a ((m +1)B +2a) |t - 5|m+Dp+2
This shows that {] S(f) (P)}pis a Cauchy sequence when |P| N\ 0. Hence
Y(Z) is well-defined. Also take C, big enough, we have
|Y(2)| < U(Z)l + |Ys(t2) (2)|
< mZKZMlt _ |2a
+ K? (62 + C’i’-T”"”) 2m+DBR2aC (1 + 1)B + 2a) |t — 5| HDB+22
< K2Cy|t —s|?e.

Next we prove that / f(X)dX satisfies the Chen’s relation. Fix € > 0
and s < u < t. By taking a partition P = {s =ty < t; < .. <ty =t}
of [s, t] small enough (which has the point ty = 1), we have

1 1
YO _y® _

N M N
1) 1) 1) (1) 1) 1)
= Yer _Z]fpflfp T [You _Z]fpfltp Yur = Z ]fpfltp
p=1 p=1 p=M+1

< 3e

and so the first level of / f (X)dX satisfies Chen’s relation. This result
implies that

N
@) ®  _ (1) 1)
Z onfq 1 ® Ytqfltq h Z Ytﬂ 1tp ® Ytqfltq'

g=1 O<p<qsN
Also,
M
) O]
Z ]tp—ltp Z ]t‘I 1t
p=1 g=M+1
) (1) ) (1) ) O]
Z ]tp_lt,, t,, 1ty Z ]t,, 1t,, t,, 1ty Z ]tp_lt,, ®]t,,_1tq’
O<p<q=N O<p<q=M M<p<q<N

and so we have

2 2 2 1
YO _y® _y® _yWg

+ Ys(i) _Ssu + _Sut

< e,
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where

N
. 1 PR L)
St = Z (Yff‘(ot)pl ® Yt(p_)ltp * Z V]f(xfﬂfl)ka(xfﬂfl)xfi—ltp ’
p=1 (G k)e]
M (jk)
1 1 £(% ¢
Sou = Z Yt(otl—l ® Yt(p_)ltp * Z V]f(xfﬂfl)ka(xfﬂfl)xfi—ltp ’
p=1 (G k)e]

N
) 1 PR oyl
Sut = Z Yt(M)tp—l ® Yt(p_)ltp * Z V]f(xfﬂfl)ka(xfﬂfl)xfi—ltp '
p=M+1 (k)€

Therefore the second level of f f (X)dX also satisfies Chen’s relation.
Above argument prove that the statement (1) of Theorem 2.5. m|

(Claim 3) Suppose that there exist M > 0 and € > 0 such that
Vael v [Werl £ Mt =slf, V)1V WG| < M= s[4,

o . .
VO v WO < Mt = s 0820, (7 W < et = I,

and
|Vs(:) _ WS(;)l < €|t _ S|iﬁ+a, |Vi]tk) _ wg‘k)l < €|t _ S|(j+k)ﬁ+2a‘
Then,
W i M
( / f(V)dV) - ( / f(W)dW) < KeGslt—s|%,  (4.10)
st st
where

C3:=(m+1)M@1+T)"
+2(n + 1)(1 + M) (1 + 720 DB (n + 1)B + a) TP,

Proof. By the assumption and the mean value theorem, we have

[TOW)se = TO (W)

D V@IV = Y ViF@IW

iel iel
< > V@) - V@IV + IV v - Wi
iel
< Ke(n+1)M(1+T)"|t —s|*. (4.11)
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By (4.3), (4.4) and the mean value theorem, forall s < u < t,

TOW)s + TV )ur = TDV)sp = {TD W)y + TP W) = TV (W)t }|
< D IRi(V) = Ri(W)|

i€l
< Ke(1+T)(1 + M)"2|t — s Dp+a
+ Ke2(n + 1)(1 + M)"*|t — s|+1pre
< Ke2(n + 1)(1 + M)"™ (1 + T)|t — 5|+ DB+,

By this result and Lemma A.1, we have
TOW)st(P) = TV W)se P\t ) = TP W5t (P) = TV W)t (P\{t,}) ]

= ](l)(V)tp_ltp + ](l)(v)tptpﬂ - ](l)(v)tl"ltl’“

- {](1)(W)tp71tp + ](1)(W)tptp+1 - ](1)(W)t%1tl’+1}

< Ke2(n + 1)(1 + M) 2(1 + T)|tps1 — tpq|"HDE¥e

(n+1)B+a
) |t _ s|(n+1)‘8+a'

<Ke2(n+ 1)1+ M)"2(1+T) (m

This implies that (note that (n + 1) + a > 1)

TOW)s(P) = TV V) = TV (W5t (P) = TV (W)t }]

< Ke2(n + 1)(1 + M) 2(1 + T2V L ((n + 1)B + a)|t — 5| HDE¥e,
(4.12)

Therefore by (4.11) and (4.12), we conclude that

TOW)se(P) = JV (W5 (P))]
= |](1)(V)st - ](1)(W)st|

+ VW) P) = TOW)st = {JOW)5t(P) = VW)t
<e(n+1)MI+T)"|t —s]®

+ Ke2(n +1)(1 + M) 2(1 + T2V (n + 1) + a)|t — 5| DB+a
< KeGCs|t —s|“.

Take || ™\, 0, we prove (4.10). O
(Claim 4) Suppose that there exist M > 0 and € > 0 such that

Vot vV IWe) < MJE=slf, (Vv W] < M|E—s|B+e,
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VIOV IWOPL < MiE— 5|00, D — Wiy < el - s,

st

and
|Vs(:) _ WS(;)l < €|t _ S|iﬁ+a, |V£]'tk) _ wi];k)l < €|t _ S|(j+k)ﬁ+2a‘
Then
R (3] . (3]
( / f(V)dV) - ( / f(W)dW) < K2eCylt —s|*,  (4.13)
st st
where

Cy:= M1+ T%) + (1 +T"")(Cy +4C1C3)20 P20 (m + 1) + 2a).
In particular, the integration map is Lipschitz continuous.

Proof. By the assumption and mean value theorem imply that

T@ V)5t = J@ (W)

. ~ ~ k . ~ A k
< 3 [Vreavi @V - ViF@o) v f@w
()]
< K2eM(1 + T?)|t — s|U+Rp+2a, (4.14)

On the other hand, by (4.6) and (4.8), we can calculate
1S1(V) = S1(W)| < K%e(2n +3)(1 + M)"*3(1 + T)*" |t — 5| +DB+2a
and

1S2(V) — S2(W)|
< K%e(m? + 4m + 2)(1 + M)P"3(1 + T)"2(1 + 2T)|t — 5|+ DE+2,

Therefore we have

IZ(V)sut = Z(W)sut| = [S1(V) = S1(W)] +[S2(V) — S2(W)
< K2€é4|t _ Sl(m+l)ﬁ+2a‘

where
Zou = Jo I + I @I I, ssust,

ut ut st/

and

Ca=2n +3)1 +M)"31 +T)*"
+(m? +4m +2)(1 + M)P" 31+ T)"2(1 + 27).
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Let
Tor =YW @YW 1D e W o<y <f)

ut ut’

Then by (4.1),(4.5), (4.10) and (4.12), we have

IT(V)sut = T(W)sye |
< YOWV)eu ® YDV = JD(V)u)
— YO (W5 & (YD (W) = JO(W)yir)|
+ OV WV)gu = TP V)su) @ TV(V) e
~ (YOW)sy = YO (W)si) ® TV W)t
< YOl [YO V)t = TO V)t = YO W)+ O (W)
+ YO V)5 = YO W) | [Y D W)y = JO W)y
+ YO ) = JDV Y = YOI )+ O W)t TO V)it
+ |Y(1)(W)ut - ](1)(W)ut| |](1)(V)ut - ](1)(W)ut|
< K2e4CyCs|t — s|mDf+2,
Therefore by Lemma A.1, we have
TPV (P) = TPt (PN }) = {TZ(W)st(P) = T W)t (P8, 1)} |
< |Z(V)tp71tptp+1 - Z(W)t,,,lt,,t,,+1| + |F(V)t,,71tptp+1 - F(V)tpfltptp+1|

< K2664|ti+1 _ ti_l|(m+1)l3+2a + K2€4C1C3|ti+1 _ ti_ll(n+1)/3+2a

|t _ s|(m+1)‘8+2a‘

) (m+1)B+2a
N-1

< K21 +T"™)(C4 +4C1C3) (—

This implies that (note that (m + 1)p + 2a > 1)

J@ W) (P) = JO (V) — {JP (W)t (P) — TP (W) }|

< K2€(1 + Tn—m)(é4 + 4C1C3)2(m+1)[3+2a C((m + 1)6 + 20()“ _ Sl(m+1)ﬁ+2a‘
(4.15)

Therefore by (4.14) and (4.15), we conclude that
JPW)st(P) = ]2 (W)st (P)]
< |](2)(V)st - ](2)(W)st|

+ [JPWV)st(P) = TP(V)st = {TP(W)st(P) = TP (W) }]
< K2eCyt —s|?°.

Take |P| \, 0, we have (4.13).
Forany V, W € &y, take € := d(4,)(V, W). Then we have

Vst v [Wer| € MJE=slf, Vv [WD] < ME - 5B,
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VIOV IWOPL < MiE— 5|00, D — Wiy < el - s,

st

and
|Vs(:) _ WS(;)l < €|t _ S|iﬁ+a, |V£]'tk) _ wgk)l < €|t _ S|(j+k)ﬁ+2a‘

Therefore by (4.10), (4.13), we conclude that

d, ( / f(Hav, / f(W)dw) < KCse + K2Cye
< K(C3 + KC4)d(a,ﬁ)(V, W), V,Weé&Eum.

(Claim1) to (Claim4) complete the proof of Theorem 2.5. |

4.2 Proof of Proposition 3.1
Lemma 4.1 ([26] Corollary 9.7). Let Y belong to the m-th Wiener chaos and
p 2 2. Then we have

Y], £ Vi + 10 = )™ Y]]o.

proof of Proposition 3.1. (i) The modified Chen’s relation follows from the
binomial theorem as illustrated in Introduction. For the Holder property,
by Proposition A.2 (a version of Kolmogorov’s continuity theorem), it is
sufficient to prove the following inequalities;

| | X |
IXDI, < Cle—sHH2, | IXU9||, < Cle—s|TOH . p 22, (s,t) € Ar.

Fixr > s and let 21, := [ kni(r = t1) — kia(s — t1)1[0,51(t1)dWy,, u € [0, 7). By
It6 formula, we have

7o\ . ! ro\i—1 r i(i — 1) ! ro\i—2 r
(Zsu) =1 0 (st) dst + > 0 (st) d <Zs.>v .
Also by It6 formula, we have

(/Ow dezgv) (/Ow Gud<Z§,>u) _ /O {/O Gvd<z;>v}1:udz;u+/0w {/0 Pvdzgv} Gud(ZL),,

Using these formulae inductively, we have

. il (-2
ziy= ), FE TGl
0=q<1i/2]
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where

F(m-:/u/t" (/tdeV ) dz GW)-:/“/” (/Tzd<z’> ) d(zr)
u . e Stl e Stp’ u . cee S. T1 oo S. Tq,
0 0 0 0 0 0

since

(Zr )i i(i - 1)

[tz 2 [y,

il /” (i-1-29) ~(q) it /u (i-2-2q) ~(q)
— [ F G, dZ! + F G, 'd(Z)
Oiqf;i_l)/zj 29 0 v 14 sv Z 2q+l 0 14 [ s./v

024<1G-2)/2)
u o
=il /O Fidazr,

it -1-29) () it 20 ~6-D
+ Z 2_11/ Fvl qGquZ§U+ Z 2_,1/ sz qGUq d<Zg.>v

1=9<((i-1)/2) 0 1=q<li/2] 0
i (i-29) ~(q)
= > s G
0=9=Li/2]

Take u — r, we have

A A il (-2
(XSI’)l = (Zgr)l = Z 2_‘7P7(’Z q)GE'q)/
0=q<li/2]

j it i
XP= 3 = / F'2I6Wax,.
0=q<li/2) s

and so

Therefore by Lemma 4.1, we have

, 1 b i\ ,
IXPhs Y, 5 / FGIAx|| < 55 | P s 2
0=q=li/2) ° P \o=gqsli/2)
(4.16)
By the same argument, we have
||thk)||p < Cp(j+k+2)/2|t _ s|URHA (4.17)

(ii) By (i) and Theorem 2.5, for a.s. w, the limit

(1) N ‘
(/ / <X>dx) = lim > > V&, )X

st g=1 i€l

exists. Since

¢ N
A . I 0
/S f(X)dX, = A}gnmz f(th,l)qu_)ltq
g=1
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in the sense of the convergence in probability, it is sufficient to prove for all
i € I\{0},

N
: i (% @ _
I\llgnoo Z:‘ Vlf(th*l)Xtﬂ—ltq =0,
q:

in probability. Fix i € I\{0}. We can assume f € CZ” without loss of
generality. By the result (i), we have

\2 ,
E [(XS(?) ] = Cl|t — s < o0,

and so take K := || f||c», we conclude that

2

E i Vi (" )X(l) _ i E Vi (’\ )X(l) 2

f th tq—lltq - f th tq—ltq

q=1 q=1
N .
< K2 Z = tq_1|21H+1
q=1

2iH

= K? sup |t —s| T
[t—s|<|P|

—0 (as|P|—0),

and this indicates the 1.2 convergence. O

4.3 Proof of Theorem 3.2

Denote by Cjg 1] the set of the R-valued continuous functions on [0, T]
equipped with the uniform topology. Let Ca, be the set of continuous
functions on Ar, taking values in RP, equipped with the uniform topology
for the metric

d(X,Y) = sup |X5t_YSt|I XIYE CAT'
(s,t)eAT

We use the same notation Cy,; for different dimensions D. More specifically,
any oneof D =1, D = max[ or D = max{j + k; (j, k) € J}. Let Sp be the set
of the R-valued {¥; }-adapted simple processes on [0, T] X Q and

S := {ZESQ

sup |Zi £1¢.
te[0,T]
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Definition 4.2 ([19]). Let {Y"} be a sequence of R-valued semimartingales
on [0, T] x Q2. We say that the sequence is Uniformly Exponentially Tight
(UET) if for every T > 0 and every a > 0 there is Kt , such that

sup |(Z--Y")¢| 2 K,
t€[0,T]

lim sup 1 log sup P < -a, (4.18)

n—oo M ZeS"

where Z_ - Y is the It0 integral of Z with respect to Y;

t
(Z_ ° Y)t = / Zy_dYr.
0

For a one-dimensional Brownian motion W, Y" = n~Y/2W is an example
of UET sequences; see Lemma 2.4 of [19].

Theorem 4.3. Let {Y"} be a UET sequence of R-valued semimartingales
and {X"} a sequence of R-valued continuous adapted processes. Assume
that the sequence {(X", Y")} satisfies the large deviation principle (LDP) on
Co,) X Cpo,r) with speed n~! and good rate function I*. Then the sequence
{(X™, Y, (X" ©; Y")ier)} satisfies the large deviation principle on Cjg 7y X
Co,1) X Ca, with speed n™! and good rate function

*(u,v), Viel,xD=u0;v, veBY,

" (u,v,x):={c0, Jielst xD+£u0;v, veBY,
00, v ¢ BV.
= inf {I#(u,v)| Viel,Lx =uo;v, u,ve Clo,r), v € BV} ,

(4.19)

where x = (x);¢; € Ca, and

t
(4 O v)st := / (u, — us)idvr-

Proof. By the assumption and contraction principle, {(X",Y", ((X"))ie1)}
satisfies the LDP with good rate function

Ai(u,v,p) =inf {I#(u,v)| Viel, (p(i) = ui} .

Therefore, by [19][Theorem1.2], we have {(X",Y", (XM, X™ - Y™)ier)} sat-
isfies the LDP with good rate function

No(u,v,@,x)
= inf {I#(u,v)|((p(i),x(i)) = (ui, u-jv), u,v€Cyory, ve BV} ,
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where (u -; v); = (u ©; v)o;. Note that by the modified Chen’s relation (1.2),
we have

i—1
(x 01 Y)st = (X i e = (x5 y)s - Z (1 515 =30 P 0 Yt

Hence by the contraction principle again with the aid of induction, we
see that {(X",Y", (X" ©; Y");e1)} satisfies the LDP with good rate function
(4.19). ]

Theorem 4.4. Under the same conditions as in Theorem 4.3, the sequence
{(6X", oY, (X" ©i Y")ier, (X" @k Y")(jk)e)} satisfies the large deviation
principle on Ca, X Ca; X Ca, with speed n~! with good rate function

I(%, x,x)
 inf 1", 0) Vie LV(j, k) €], (& x9,x00) = (5u,u 0; v, u ®j v) ,
u,v € Cpr), v €BV
(4.20)
where (0u)s; := uy — ug and
t
(u ®jk V)st 1= / (u Oj 0)sr (U — us)kdvr/
S
Proof. By the modified Chen’s relation (1.3), we have
(X" @k Y5t = (X" #j5 Y = (X" ik Y™ )os
k
= D =) X 05 Yoy © (X7 0 Y
q=0
= D T X @y Y,
gt U P)'(k q)!

where (X #jx Y); = (X ®jk Y)ot-
First Step. By Theorem 4.3 and the contraction principle, the sequence
{(X”, Y", (X" 0 Y"ier, (X" Yn)(Xn)k)(j,k)e])}
satisfies the LDP with good rate function

Al(ulvl X, (P)
= inf {I#(u,v)|(x(i), (p(jk)) =woiv,(u-; v)o5), u,v € Clor), v € BV} .
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Therefore, by [19][Theorem1.2], we have
{(X”, Y, (X" 0i Y)ier, (X" #j Y")(j,k)e])}
satisfies the LDP with good rate function

AZ(”/ 0,Xx, (P)
= inf {I#(u, v)|(x(i), qo(jk)) = O;v,u*v), u,veCyorp, ve BV} .
By the contraction principle, we conclude that

My = (X", Y™, X" Y, (X" % YT), S(X™,Y™))} satisfies the LDP
with good rate function

As(u,v,x,9,1)
= inf I#(I/l U) (x(i)/ (P(]k)/ I][)(]k)) = (Ll ©; v, (M *ik v)t/ S(M, 7)))
"lu,ve Clo,r), v € BV ’

where
k 1 -
S(u,v)s := Z m“s (u ©j v)os ® (U Of V)st-
q=0 1

Second Step: To shorten, set

condition A :=

(x, U0, Ry = (1 ©; v, (u *jk )i, S(u,v)),
u,v € Cpo,), v € BV '

By the modified Chen’s relation (1.3), we have (1 ®y v)s¢ = (1 @00 V)¢ —
(u @ v)os — Vs ® (v —vs), and similar for u ®y; v and u ®19v. Therefore,

by the contraction principle, we conclude that {(M,,, X" @y Y", X" &n
Y™, X" @19 Y")} satisfies the LDP with good rate function

inf {I#(u, v)| cond. A, (x0 xOD 10y = (1 @y v, u @y v, u B9 v)} )

In particular, {(X",Y", X" ©; Y", X" &y Y", X" &1 Y", X" @10 Y")}
satisfies the LDP with good rate function

Ag(u, v, x,x0,xOD x10))

(x), x(00) 5O 1 (10))
= (U v,u®pv,U®0,uUu®D)|

= inf {I#(u, V)

Hence, by the contraction principle and mathematical induction, we
conclude that {(6 X", 0Y", X" ©; Y", X" @, Y")} satisfies the LDP with
good rate function (4.20).

25



O

Lemma4.5([12] Lemma A.18). Let Z be areal valued non-negative variables
such that there exists ¢; > 0 such that for all p € [1, o),

1
Zll, £ — )
1Zlly < VP < o
Then there exists ¢» > 0 such that
Elexp (c2Z%)] < oo.

Lemma 4.6. (i) The (a, p) rough path X of Theorem 3.2 has exponential
integrability, i.e., there exists ¢ > 0 such that

closp e, ] <

(ii) Assume that the family of random variables
XE€ = (GHX, €(i+l)HX(z’), €(j+k+2)HX(jk))
taking values in Q(, g).x1q satisfies the LDP on Ca; X Cay X Ca, (with

the uniform topology). Then, X¢ satisfies the LDP on Q4 )14 (in the
d(a,p) topology) with the same good rate function.

Proof. (i) Let Z := [|[X][|(a,p)- By Lemma 4.5, it is enough to prove that there
exists ¢ > 0 such that

1
1ZIl, = —vp, pell, ) (4.21)
By the inequality (4.16), (4.17), we have

. , ‘ " . ‘
||Xs(?||;7 < p(1+1)/2|t _ S|1H+1/2 ”Xg]t )”p < p(]+k+2)/2|t _ Sl(]+k)H+l,

7

and this inequality and Proposition A.2 imply that for all p € [1, o),
H”X”ﬁ-Hlde = cvp, ||||X(i)||iﬁ+a—Hld||p < cplV2,

and

||||X(jk)||(j+k)ﬁ+2a—Hld||p < Cp(j+k+2)/2,

and so the Holder inequality implies

1/(i+1)
] <

‘ p/i+1) | 1/P
H (l 1 XD ]34 q-md ) ]

(11X Ol40-1ma
p
() p11/p(i+1)
<E [(HX ||iﬁ+a-Hld) ]
: 1/(i+1)
< XN ipsammall,”

p
S cvp,
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and similarly,

1/(j+k+2)
) < cp.

H(||x<f">||<j+k>ﬁ+2a-H1d
14

Therefore we conclude (4.21) by the definition of the homogeneous norm.

(if) We adapt the argument of [12][Proposition 13.43]. By the inverse
contraction principle (see Theorem 4.2.4 of [6]), it is sufficient to prove that
X€ is exponentially tight on Q(, )14 By (i), there exists ¢ > 0 such that

P [I1IXIll@p) > 1] < exp(—cl?),

for any a’ € («,1/2) and B’ € (B, H), and this implies that for all M > 0,
there exists a precompact set

Ko = {X € Qs 1% i, 0 < VM7

on ()4 g)-Hig such that

' [M
e logP [X€ € K§,| = e logP [IIX°|l|(ap) > -

' M
= €2H logP |||X|||(a’,ﬁ’) > Ceﬁ] < —M,

from which we conclude. m|

As mentioned earlier, X¢ = X is UET by Lemma 2.4 of [19] with
n = e 21, The LDP for €”(X, X) has been proved in [7] with speed 2/

and good rate function I*. Therefore by Lemma 4.6 (ii) and Theorem 4.4

(regarding as n = e~2), we have proved Theorem 3.2.

A  Some Lemmas

Lemma A.1 ([26] Proposition].6). Let w be a control function; i.e.
w(s,u)+w(u,t) fw(s,t), 0sssustsT,

and P = {s =ty <t <.. <ty =t} bea partition on [s,t] (N = 2). Then
there exists an integer i(1 < i £ N) such that;

2
w(ti—1, tiv1) £ mw(sf t)
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Proof. By definition of w, we have

N-1

Z w(ti-1, tis1) = Z w(ti-1, tiv) + Z w(ti-, tin) £ 2w(s, ).
p=1 i:odd ireven
Therefore there exists such i that satisfies the desired inequality. |

Proposition A.2 (Kolmogorov’s continuity theorem). Let X be a process on
At and assume that there exists p =2 1, ¢, € > 0 such that

”Xst”p é Clt - S|€+2/P, (S,t) € AT

Then there exists a modification X of X such that for all y €10,€),

|5\(5t |
sup

2c
< e+2/p
|| S —= (6V2) 7.
(s,t)eAT p

277

Proof. Let Dy, := Ay N27"Z%,and D := U, D,,. Let Ay, = {(s,t) € D%; s —
t| €27}, then we have #A,, £ (2™ +1)3? < 22"62. Let

Ky = sup | Xstl,
(s, t)eAn,

then by assumption, we have

E[KL] £ D ElIXul'] <2262 (V22 )27¢ = oo rel/2pmmpe,
(s,H)eAn

Then for all s, t € D, there exists a sequence {s, }, {t,} such that
e s, €D, s, <s,41,and s, — s (same as t;).
e 0<t,—s, £27",

Therefore, for all (s, t) € D with |t — s| £ 27", we conclude

o0 (o) (o)
|Xst| é Z |Xsi+1ti+1 - Xsiti| + |Xsmtm| é BZ |Xsiti| é BZ |Kl| .
i=m i=m i=m

Let

|Xst|
M, = sup e
(s,H)eDNAT |t = s]

Since for all (s, t) € D N Ar, there exists m € Z, such that 27" < |t — 5| £
27m,

M, < sup {2<m+1>V sup |Xst|} <32 sup {2’“?/ > Kl} <327 ) 27K,

meZ, |s—t|g2-m meZ, i=m i=0
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and this implies that for all y € [0, €), by Minkowski’s inequality,

M, ||, <3-27 Z 2i)/||1<l.||p < 3.2V c62/Pole+2/p)/2 Z 2i(y—e)
i=0 i=0
3.2V c62/Pp(e+2/p)/2
a 1-2r-¢

This implies that My < o a.e. and X is uniformly continuous on D. Then

there exists a continuous process X suchthat X = Xon D. By the continuity
of X, we have

X
sup st _ sup |Xst| _
= =M,,
snear E=SI7 (s neap [E =8I
which completes the proof. m|

B Proof of Proposition 3.4 (i)

The notation in this section is independent from the other parts of this paper
and follows the standard in the rough path theory. Namely, we are going
to show the continuity of the solution map Y = ®(X) for the RDE

Y:/OQ(Y)dX, o, =0(-+a)

for 0 : R® — Mat(e,d) and X € Q. g, where a € (%, %] Therefore Yy,
in Proposition 3.4 is replaced by X;; and (§ st,t —s) is replaced by Ys; with
a = (Sp,0). The proof below originates from [26], where the corresponding
result is proved under the framework of geometric rough path. Although
X is not a geometric rough path, the argument remains valid, and here we
give the details for the readers’ convenience. Note that to simplify, we do
not use a control function argument and this point is different from [26].

Lemma B.1 ([26] Lemma 1.16). Forp 21, N € N, and a1, ay,...,any 2 0, we
have
(a1 +...+an)P £ N”_l(ai7 + ...+ ag).

Proof. The claim is equivalent to

p p
(a1 +...+aN)P < a; +..t+ay
N - N ’

and so by the convexity of the function f(x) = x7, x € [0, o), we have the
desired result. |

Lemma B.2 ([26] Lemma 4.11). Let W, W € Q,.1a([0, T], R") and 0 = 10 <
71 < ... < 1Ny =T be a partition of [0, T].
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(i) Assume thatforallj=1,2...,N,
WIS =51, (s,8) € Apgy 1, 1= 1,2, (B.1)
where Afs g1 := {(s,1)|S < s <t £ S§’}. Then we have

W < N0 —slie, (s,1) € Ar, i=1,2.

(ii) Fix € > 0. Assume that forall j =1,2,...,N, W and W satisfy (B.1)
and o ‘
|W5(;) - Ws(;)l = elt - Sllal (SI t) € A[T]'_l,’l'j]l i= 1/2

Then we have

WY —WY| < eNI-|t —sie (s,£) e Ar, i=1,2.

Proof. The most difficult case is when s € [7g, 71] and t € [Tn-1, TN ], SO We
prove under this condition. Letty =s,ty =t,t; =7 (1 =j = N —-1). By

Chen'’s relation, Ws(tl) = 5\72 1 Wt(jl_) and so by Lemma B.1 (take p = —) we
have

1
”|<Z|t—t11|“<N1“|t |
j=1

By the same argument as above, we have the inequality of |Ws(t1) W(1)|

By Chen’s relation again, we have Ws(f‘) = N Wt(,Z)lt + Disk<jsN Wt(kl)ltk ®
Wt(j{)l " and so by Lemma B.1, we have
2
|W( | < Z It; —tia|* + Z [tk — tk-a|"|tj — tj-1]®
=1 1<k<j<N
N
< Z |t] _ t]‘_1|a < NZ(l—a)lt _ S|2a

By the same argument as above, we have the inequality of |Ws(t2) (2) . O

Proof of Proposition 3.4. Fix X € Q,.m4([0, T], R7) and let
Qu-a([0, T], R) — Qqpa([0, T], RY)

1+ Quma([0, T], R™) — Quma([0, T], R)
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be the projection map on the rough path space Q,q([0, T],R%*¢). For
Z € Qua([0, T], R¥*¢) satisfying with m1Z = X, we define Y = myZ,
I[X,Y] and I[Y, X] as follows;

1 2
7 _ Xilt) oz X§ 1 X, Yt
of YS(f) o I[YI X]St Ys(t)

For R > 0and [S,S’] c [0, T], we define
Br,[s,s1

= {Z € Qua([S, S'], RY*)

Ttlz = XlA[s,s/j'
and Z has the following inequalities (B.2) [

X< 1t = s, Y < Rt = s, (B.2)
|I[XI Y]Stl \ |I[YI X]Stl = th - S|2al (S/t) € A[S,S/] i= 1/2

Take a metric function on Bg [s 5] as

d(Z,7) = RYIYD — YO g gs,s1 Y R2NYP = Y opmafs,9
V RTYIIX, Yst = 11X, Vsl l2ard (5,57
V RTYITY, X5t = ITY, Xstl l2ard (5,571,

then By 5 /] is a complete metric space in d. Let F : Qua([0, T], RY*¢) —
Qo-1a ([0, T], RT*¢) as

P@wafmamz Z € Qi

Id 0

oa(y) O
matrix. Note that by assumption of Proposition, ¢ : R® — Mat(e, d) is in

3
c.

where G,(z){z’'} := ( ) {z'}, z = (;) ,z’ € R¥*¢ and Id is the identity

(Claim 1) RDE;
t
n:/%mmm, (B3)
0

has a solution on some subinterval [0, T} ].

Let K := ||G||Cg and fix R > K. First we prove that there exists
S1 € (0, T] such thatif 0 < S £ Sy, then F(Bg o,5)) C Bg,[0,5]-

Fix 0 < r < 1and R > K. Take S such that S* < rR™\. Letc be a
positive constant only depending on a. Let also J@) := 5a(zs)Z$) +
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Vaa(zs)ZSt , ( )= Ga(zs) ® 5a(zs)Zg) and | := (JU, J@), where z, :=
Z(()ls). By Chen s relation and Taylor expansion, we have

M _ x4
T oa(y) XY + Vaa(y)(ILY, Xst} )

o x® 1d ® 0,(ys) (X}
7\ oalys) ® 1d (X} oa(ysmaa(ys){x@}

where y; = YO(;). By the condition (B.2), for Z € Bg jg,sjand (s, t) € As,
we have

1TV £ 10a(ys)X)| + IV aa(ys {ITY, Xt}
< K|t —s|% + KR|t — s>
< (1+r)K]|t —s|*.

By the same argument as before, we have
I ® ma ]} = 1d ® 0a(ys) (X} < Kt = s,

I @ {2} = |oa(ys) ® IA{XP}| < K|t -],
11 ® T {J 2} = |0a(ys) ® aa(ys){X P} < K2|t - 5]

By Chen’s relation and Taylor expansion, we have

o 4 O - g0y

ut

- ( /O (1- 0)V20,(ys + eys(}))da) D evle x|

1
Mg0) [y
+ (/O V20, (ys + OV )de){ D eIy, X]ut} (B.4)

and by using the condition (B.2), we have
‘n g+ (1) (1)}‘ < 2KR2|t — 52,
Therefore, we have
o F@2)) - 11| < 2 CEaRKR?E - 5P,

and we conclude

Ima{F(Z)V}] < {K + KRS® +2%*(3a)2KR2S%¢} |t — 5|
S +cr)K|t=s|%, (s,t) € As.
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Next we calculate the second level of F(Z). Same argument as the
first level path of J, by Taylor expansion and Chen’s relation, for
(k,1)=1(2,1),(1,2),(2,2), we have

I ® T{F(Z) 2} £ (1+ er)KF21 =529, (s,1) € As.

Take r small enough, we can check that for Z € By [0 5], F(Z) satisfies
the condition (B.2). Therefore we have F(Bg [,s1) C Bg [0,5]-

Next we prove that there exists T € (0, S1] such thatif 0 < S < Tj and
Z, Ze BR,[O,S]/ then

d(F(Z),F(2)) < %a(z,z).

Take 6 = d(Z,Z) and r € (0,1) small enough. By the definition of d,
we have

II[X, Y1 = I[X, Y]st| VITY, X1t = I[Y, X]st| < ROt = s]2*

YD YD) < Ris|t = s, (s, 1) € As, i =1,2.
First we calculate the first level path of J. For (s,t) € Ag (note that
S¥ < rR7Y,
7241 = T S 10a(ys) = 0 @IXE + IVoa(y )T, Xs = 1Y, X1
+ |V0a(]/s) - Vaa(]/s)lll[?/ X]st

< KROS%|t —s|* + KRSt — s|** + KR?>5S%|t — s[>

< 6{2r + r2}K|t —s|*

< 36rK|t —s|“.
Next, we calculate

(1) ](1) (1) {](1) (1) (1)}
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By (B.4) and the boundedness of ¢,, we have

‘ { g} ](1) (1) (](1) (1) (1))”

g/oa—
+ 1V2
/

< 6c{KR3S® + KR?}|t — s|>*
< 0cKR2|t — 5|32,

V20,(ys + 0¥V 0 Y 0 X D)

—V20,(7. + 07 TD 0 YD @ x)|do

Og (ys + QYS(EI))(YS(;) ® I[Y/ X]ut)

~ V20, (s + 0V @ I[Y, X1,4)|d6

This implies
o {F@)) - 15 - @) - T = sekre - P,

and so

[ {F2)) - F @) ||

I\

‘ {P(Z)m (1) (P(Z)(“ (1))”

+ma{)y - (”}|
< 8{3r + cR*S*}K|t — s|*
< ocrK|t —s|®
< crR|t - s|%.

Same argument as the firstlevel path of F(Z),for (k,I) = (2,1),(1,2),(2,2),
we have

o m (F2)S - F2)R)| £ serR21t = 5P, (s,1) € As.

Therefore by taking r small enough, we have d(F(2),F(2)) < Ld(z,2).
Therefore we conclude that there exists a solution of (B.3) on subin-
terval [0, T1].

(Claim 2) RDE solution has the unique time-global solution.

Let0S£19<11 <717 £Tand

W(j) =1, W3HY, W(§HP) € C(Apr, o, ROR™ @R™)
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satisfies Chen'’s relation on [7;-1,7;] (j = 1,2). Then we define W

as a concatenation between W(1) and W(2) as follows; for (s,t) €

[0, T1] X [71, 2], 0 " 0
W, == W(1)ge, + W(2)

S$T1 Tt/

@ _ @ @ M M
W =W +w@® + W)l e W)

sTi Tt
Then if W(j) is an a-Hoélder rough path on A, ¢, then W is also an
a-Holder rough path on A, ,]-

Let f : R™ — Mat(e, m) be Cg and f, = f(a+:), a € R°. For

W e Qumd([70, 72], R™), let W(j) be the restriction of Afz; 1)) and
V(1) = [ fu(W(1)dW(1) and V(2) := [ £2(W(2))dW(2), where 2 :=
a+ V(l)%)ﬁ. Then we have V(j) € Qumid([7j-1, 7;],R®) and we can
prove that the concatenation between V(1) and V' (2) is equal to f fa(W)dW.
LetU := (rR‘l)% and take a partition {0 =Tp < T1 < ... < Ty =T} of

[0, T] as follows;

U=l =L-Tl=..2z[Ty Tyl

Note that (N — 1)U = Zf\sl |T; = T;—1| £ T. By (Claim 1), we have
a solution Z on [0,T1]. On [Ti,Tz], by changing an initial value a
to a + Yo(;l), we have a solution on [Ti,T;]. By concatenating these
rough paths by the above way, we have a rough path on [0, T2], and
by the remark of the concatenating of rough path integral, this is a
solution on [0,T;]. By the same argument, we have a solution on
subinterval [T;_1, Ti], and by concatenating these solutions, we have a
time-global solution on [0, T]. Since i-th level of a solution on [Tj—1, Tx]
is ia—Holder continuous, so by Lemma B.2, we have

YD < RNS9Jt —s|* < RA+TU)ft = s|*, (s,t) € Ar
and for (k,1) = (2,1),(1,2),(2,2),
I @ mi{Z )] < R0+ TUTP0) 5P, (s, 1) € Ar

and hence Z is ia-Holder continuous (i = 1,2). To prove the
uniqueness of the time-global solition, let Z and 7 be time-global
solutions with respect to (a, X). By taking R large enough, we have
Z,7€B R,[0,5]- Therefore a solution of (B.3) is unique on [0, T].

(Claim3) The solution map is locally Lipschitz continuous.
Let Z,Z be the unique solution with respect to (X, a), (}A(,Zi). Let
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€’ := |a —d| and € := max;=12 [|X® — X(i)||ia_Hld. For R > 0 and
[S,S’] c[0,T], let
d(Z,Z) = R7YY =YW |0 5,9 V RV = YD1 5,91
vV RIX, Vst = 11X, Vot aerna 5,97
vV RILY, Xls = 1Y, Xstlla-tua s,97)-
First we prove that there exists U; € (0,T;] and C > 0 such that if

0 < U £ U, then )
|Y0(il) —Yo(il)l <e+é,

and also on subinterval [0, U], the following inequality is true;
d(Z,2) < Cle +€).
Take R > K and let 6 = d(Z, Z). Then
JIEX, Vs = 11X, V1t VAITY, XTa = 1Y, X]t| < ROt = s,
YO YD) < Risle—s', (s, ey, i=1,2.
Note that for j =0,1,2, (s, t) € Ay, and 0 € [0, 1], we have
Viaa(ys +0YS)) = Viaa(s + 675

i+1 A A
S IV 0lleo(la = al + sup |ys — Jsl)
0sssU

< K(¢' + R5U?).

Then for all (s, t) € Ay,

{1 = T < Joa(y) XYy = oa(@0) XY

+ [Vou(y)IY, X1st = Voa(@)IY, Xl

< |oa)IXE = X1+ 10a(ys) — a2 @)X
+ [Voa(y)IIITY, Xst = I[Y, X]st]
+ [Vou(ys) = Voa@) LY, X]sl

< {Ke + K(e' + RoU*)}Ht —s|*
+{Kb6 + K(¢’ + ROU*)IR|t — s[>

< {e+2€ +3ro}R|t —s|*.
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Alsofor0 £s £u £t < U, by (B.4), we have
1 1 1 1
|7t {]( ) (1) ( ) (](1) ( ) ( ))}|

< / (1= 0)[V2a,(ys + OV 0 Y2 @ xP)
0
— V2a,(9. + 0LV @ Vi @ R())1do

1
" / V204(ys + OYIYYD @ I[Y, X]11)
0

— V20,;(9s + 0OV @ I[Y, R]1)dO
< (e +2¢’ + 60)KR?|t — s|>%,

and so we have
I (F(Z2)Y =19 = (E2)Y = TD))| < c(e +2¢’ + 66)KR2|t — s[>
Therefore we have
ma{F(2)}) - F2)\ Y < Ima(F(2)) - 15 = (F2)5) =T
+lma{ly - “>}|
< cle+€ +ro)R|t —s|. (B.5)
By the same argument as the first level of path F(Z), for (k,I) =
(2,1),(1,2),(2,2), we have

e @ (F(Z)2 = F(2)2)| < cle + € +ro)RM2 |52 (s, 1) € Ay
(B.6)
Hence by (B.5) and (B.6), we have
d(Z,2)=06 < c(e + € +10).
1

Fix ¢ > 0 and take r > 0 small enough (r¢ = 3). Then we have
U < rR7t < (3Rc) ! and so

|Yél) Y(1)| <= c(e +€e)RU* 2 e+¢€,
and we have the desired result.
Next take a partition 0 = Uy < Uy < ... < Uy =T of [0, T] as follows;
PRV = = Uy = Uy | = ... = Uy = Un-al.

Note that N —1 £ T(rR~Y)~Y/2. For each subinterval [U;, U;.1], take

the unique solution Z and Z with respect to an initial value a + YO%)

and 4 + 170(3 respectively. Then we have

a+Yyh - @+ V)| s —e+2(e+e),
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and hence on each subinterval [U;, Uj11],
d(Z,2) < C2(e +€') < C2N(e + €).
Therefore by Lemma B.2, we have
Y Y < RC2N(e + )Nt = s|%,  (s,t) € Ar
and for (k, 1) = (2,1),(1,2),(2,2), we have
I @ (Z2 = 22)| < (RY12C2N (e + )Nt = s>, (s,1) € Ar.

. 1/c .
Therefore since N £ 1 + Krl—/LT, we have the claim.

C Proof of Theorem 3.8

Proof. To shorten, let o := (S, 0). Since gf ~ 52, by Theorem 3.6, tH-1/25,
satisfies the LDP with speed 2/ with good rate function

J5)

1
= inf {I#(u,v) u,v € Cypr,veBY, s= (o/f(]l:,(u,v))dL(u,v)) }
01
Let H be the Cameron-Martin space. We can calculate that for ¢ = (h!, h?) €
HxH,
t .
(1), = Jo ku(t =r)hidr) _ (ut) ,
ph! + /1 - p?h? Ut
and
LTl =2 [ ie + iz
2 Sllgw = 2 Jo r r r.
Then

(1)
s = (a‘/f(L(u,ZJ))}L,(u,v))Ol

1 t
— il 1 _ 2
U/Of(/o kg (¢ r)h,dr)d(pht+ 1 pzht)
1 t
:po’/ f(/ kH(t—r)ﬁ}dr)dhtl

0 0
1 t
+4/1- pZG/ f (/ kp(t — r)fz}dr) dh?,
0 0
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and so

1 t .
5-po [ f (/O ki (t — r)h}dr) dh! L .
— :0/0 f(/o kH(t—r)h}dr) dn?.

(C.1)
Fix h; € H, and minimize %HI v g||';;(q, with respect to h, € H under the

condition (C.1). Let i be the minimizer. Take ¢ > 0 and /1 € H, and

A

consider /1 + eh1. Since / satisfies the condition (C.1),

1 t ) .
/ f (/ kp(t - r)h}dr) dh; = 0. (C.2)
0 0

Since & is the minimizer, we have

d
de

1 . .
%/ (h, + €h,)?dr =0,
e=0 0

1. .
/ hhydr =0
0

for any h with (C.2). Therefore there exists ¢ € R such that

ﬁ =cf (/ ky(: —r)ft}dr).
0
Hence

1 t .
s—po f f( [ ku(t - r)ildr)dn! . t |
0 (01_p2 ) t :CU‘/O f2 (/0 kH(t—r)hgdr)dt,

we have

and we calculate that
- 1
JE) = I*(u,0) = STV 81w

1 t . 2
1 S—po [, f|[ ku(t—r)hldr)dn!
:%/ |h3|2ds+{ /0 (/0 . ) t}
0

, (w,0)=I%g.
2(1 - p?)a? /O1 2( /0* ku(t — r)hldr)dt (w.0) g

Bibliography

[1] C. Bayer, P. Friz, and ]J. Gatheral, Pricing under rough volatility, Quanti-
tative Finance, 16 (2016), pp. 887-904.

39



[2] C. Bayer, PK. Friz, P. Gassiat, J]. Martin and B. Stemper, A regularity
structure for rough volatility, Mathematical Finance, 30, 782-832, (2020).

[3] C. Bayer, PK. Friz, A. Gulisashvili, B. Horvath and B. Stemper, Short-
time near-the-money skew in rough fractional volatility models, Quan-
titative Finance, 19, 779-798, (2019).

[4] M. Bennedsen, A. Lunde, and M.S. Pakkanen, Decoupling the Short-and
Long-Term Behavior of Stochastic Volatility, Journal of Financial Econo-
metrics, nbaa049, https://doi.org/10.1093/jjfinec/nbaa®49

[5] A.E. Bolko, K. Christensen, M.S. Pakkanen, and B. Veliyev, A
GMM approach to estimate the roughness of stochastic volatility,
arXiv:2010.04610

[6] A. Dembo and O. Zeitouni, Large Deviations Techniques and Applications,
2nd ed., Springer, 1998.

[7] M. Forde and H. Zhang, Asymptotics for rough stochastic volatility
models, SIAM Journal on Financial Mathematics 8, 114-145 (2017).

[8] M. Forde, S. Gerhold and B. Smith, Small-time, large-time, and asymp-
totics for the Rough Heston model, Mathematical Finance, 31 203-241,
(2021).

[9] PXK. Friz, P. Gassiat and P. Pigato, Precise asymptotics: robust stochastic
volatility models, The Annals of Applied Probability, 31, 896-940, (2021).

[10] PK. Friz, P. Gassiat and P. Pigato, Short-dated smile under rough
volatility: asymptotics and numerics, Quantitative Finance, 21, 1-18,
(2021).

[11] P. Friz and M. Hairer, A Course on Rough Paths, Springer (2014).

[12] P. Friz and N. Victoir, Multidimensional Stochastic Processes as Rough
Paths: Theory and Applications, Cambridge University Press (2010).

[13] M. Fukasawa, Volatility has to be rough, Quantitative Finance 21, 1-8
(2021).

[14] M. Fukasawa, On asymptotically arbitrage-free approximations of the
implied volatility, arXiv:2201.02752.

[15] M. Fukasawa, B. Horvath and P. Tankov, Hedging under rough volatil-
ity, arXiv:2105.04073.

[16] M. Fukasawa and ]. Gatheral, A rough SABR formula, Frontiers of
Mathematical Finance, 1 (2022), 81-97.

40


https://doi.org/10.1093/jjfinec/nbaa049

[17] M.Fukasawa, T. Takabatake and R. Westphal, Consistent estimation for
fractional stochastic volatility model under high-frequency asymptotics
(Is Volatility Rough ?), to appear in Mathematical Finance.

[18] J. Gatheral, T. Jaisson, and M. Rosenbaum, Volatility is rough, Quanti-
tative Finance, 18 (2018), pp. 933-949.

[19] J. Garcia, A Lage Deviation Principle for Stochastic Integrals, Journal of
Theoretical Probability 21, 476-501, (2008).

[20] M. Gubinelli, Controlling rough paths, Journal of Functional Analysis
216, no.1, (2004) .

[21] M. Gubinelli, Ramification of rough paths, Journal of Differential Equa-
tions, 248, no.4, (2010) .

[22] A, Gulisashvili, Large deviation principle for Volterra type fractional
stochastic volatility models, SIAM Journal on Financial Mathematics, 9,
1102-1136, (2018).

[23] A. Gulisashvili, F. Viens, and X. Zhang, Extreme-strike asymptotics
for general Gaussian stochastic volatility models, Annals of Finance, 15,
59-101, (2019).

[24] A. Gulisashvili, F. Viens, and X. Zhang, Small-time asymptotics for
Gaussian self-similar stochastic volatility models, Applied Mathematics
& Optimization, 82, 183-223, (2020).

[25] S. Gerhold, A. Jacquier, M. Pakkanen, H. Stone and T. Wagenhofer,
Pathwise large deviations for the rough Bergomi model: Corrigendum,
Journal of Applied Probability, 58, 849-850, (2021).

[26] Y. Inahana, Rough path theory (in Japanese), Iwanami (2022).

[27] A.]Jacquier, M. S. Pakkanen and H. Stone, Pathwise Large Deviations
for the Rough Bergomi Model, Journal of Applied Probability, 55,1078-
1092, (2018).

[28] A.Jacquier and A. Panner, Large and moderate deviations for stochastic
Volterra systems, Stochastic Processes and their Applications, 149, 142-187,
(2022).

[29] M. Musiela, Multivariate fractional Brownian motion and generaliza-
tions of SABR model. In: Proceedings of the Conference “Options 45 Years
After the Publication of the Black-Scholes-Merton Model”, Jerusalem 2018.
https://doi.org/10.5281/zenodo.4772004

[30] A. Puhalksii, Large deviation analysis of the single server queue,
Queueing Systems 21, 5-66, (1995).

41


https://doi.org/10.5281/zenodo.4772004

	1 Introduction
	2 A partial rough path space
	2.1 Definition
	2.2 (,) rough path integration

	3 Large Deviation
	3.1 A lift to the partial rough path space
	3.2 The large deviation principle on (,) -Hld
	3.3 RDE driven by an (,) rough path integral and the Freidlin-Wentzell LDP
	3.4 Short time asymptotics

	4 Proofs of Main Theorems
	4.1  Proof of Theorem 2.5
	4.2 Proof of Proposition 3.1
	4.3 Proof of Theorem 3.2

	A Some Lemmas
	B Proof of Proposition 3.4 (i) 
	C Proof of Theorem 3.8

