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Abstract

This work is to implement in Python the SABR volatility model for swaptions and
its calibration. The attached script takes market data of forward rates and swaption
volatilities, then calibrates the parameters in order to get the implied volatilities.

Formulas are given by Hagan et al. (2002), it is provided also the ”shifted model” to
overtake negative forward rates’ problem.

You can download the script here (SABR.py), and the market data example here
(MarketData.xlsx).

This paper consists in the explanation of the commands to have reason of computations
and final results.
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1 Brief introduction

1.1 Swaptions

A swaption is an option to enter into an interest rate swap. The time distance between “today”
and the option’s exercise date is called expiry, while the time distance between the exercise date
and the swap’s maturity is called tenor.

1.2 SABR model

The SABR (Stochastic Alpha Beta Rho) model (Hagan et al. 2002 ) is one of the simplest
possible generalizations of the single-FRA rate Black model with stochastic volatility.

To compute the SABR implicit volatilities we need the following data (for a given tenor):

• Forward rate

• Expiry of the option

• Option strike (for example ATM + 50bps)

• Values for the parameters α, β, ρ, ν
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1.3 Calibration of parameters

To calibrate the model with respect to market data the following function is minimized:√√√√ x∑
i=−x

(σSABR,i − σMKT,i )2

s.t. : α > 0 , 0 ≤ β ≤ 1 , −1 ≤ ρ ≤ 1 , ν > 0

i is the strike index, so the sum is computed along the swaption’s ”smile”.

1.4 Input file

Click here to download the market data.

The input file of market data has this structure:

3

http://#


1.5 Output files

Click here to download the script.

The output files are the calibrated parameters, the SABR volatilities and its differences with
respect to the market.

This is how the volatilities will be printed on screen:

2 Commented script

2.1 Modules

import xlrd

import math

import numpy

from scipy.optimize import minimize

”xlrd” is needed to read the input file, ”math” to use logarithm and square root, ”numpy”
to use the numerical enviroment, ”scipy.optimize” to minimize the objective function for the
calibration.
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2.2 Functions

For the explanation I skip the printing and writing commands in order to simplify the reading.
Each function can be called singularly, using the appropriate data (pay attention to vari-

ables’ dimension).

Variables:

• alpha, beta, rho and nu are the parameters

• F is the forward rate

• K is the strike of the option

• time is the expiry of the option

• MKT is the market volatility

• i is the index for the tenor/expiry swaption

• j is the index for the moneyness of the option

2.2.1 SABR implied volatilities

def SABR(alpha,beta,rho,nu,F,K,time,MKT):

if K <= 0:

VOL = 0

diff = 0

elif F == K: # ATM formula

V = (F*K)**((1-beta)/2.)

logFK = math.log(F/K)

A = 1 + ( ((1-beta)**2*alpha**2)/(24.*(V**2)) + (alpha*beta*nu*rho)/(4.*V) ...

+ ((nu**2)*(2-3*(rho**2))/24.) ) * time

B = 1 + (1/24.)*(((1-beta)*logFK)**2) + (1/1920.)*(((1-beta)*logFK)**4)

VOL = (alpha/V)*A

diff = VOL - MKT

elif F != K: # not-ATM formula

V = (F*K)**((1-beta)/2.)

logFK = math.log(F/K)

z = (nu/alpha)*V*logFK

x = math.log( ( math.sqrt(1-2*rho*z+z**2) + z - rho ) / (1-rho) )

A = 1 + ( ((1-beta)**2*alpha**2)/(24.*(V**2)) + (alpha*beta*nu*rho)/(4.*V) ...

+ ((nu**2)*(2-3*(rho**2))/24.) ) * time

B = 1 + (1/24.)*(((1-beta)*logFK)**2) + (1/1920.)*(((1-beta)*logFK)**4)

VOL = (nu*logFK*A)/(x*B)

diff = VOL - MKT

if MKT==0:

diff = 0
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def smile(alpha,beta,rho,nu,F,K,time,MKT,i):

for j in range(len(K)):

if K[0] <= 0:

shift(F,K)

SABR(alpha,beta,rho,nu,F,K[j],time,MKT[j])

def SABR_vol_matrix(alpha,beta,rho,nu,F,K,time,MKT):

for i in range(len(F)):

smile(alpha[i],beta[i],rho[i],nu[i],F[i],K[i],time[i],MKT[i],i)

The SABR function computes the implied volatilities for a single swaption, so all variables
are scalars. If the forward rate is negative the implied volatility cannot be computed, so I set
the output values zero.

This is the core function of the script, all input data and iterations are modelled to fit this
specification.

The smile function computes the implied volatilities for a given ”smile” pointed out by the
index i. F, time and the parameters are scalars; K and MKT are vectors.

The matrix function computes the implied volatilities for all combinations of swaptions. F,
time and the parameters are vectors; K and MKT are matrices.

2.2.2 Shift

def shift(F,K):

shift = 0.001 - K[0]

for j in range(len(K)):

K[j] = K[j] + shift

F = F + shift

When the forward rate is close to zero, the strike can become negative. In this case the
shifted model allows to calibrate the parameters and to compute the implied volatilities for the
whole smile.

The size of the shift depends on the lowest strike, then its value is added to all the strikes.

2.2.3 Calibration

def objfunc(par,F,K,time,MKT):

sum_sq_diff = 0

if K[0]<=0:

shift(F,K)

for j in range(len(K)):

if MKT[j] == 0:

diff = 0

elif F == K[j]:

V = (F*K[j])**((1-par[1])/2.)

logFK = math.log(F/K[j])

A = 1 + ( ((1-par[1])**2*par[0]**2)/(24.*(V**2)) + ...
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+ (par[0]*par[1]*par[3]*par[2])/(4.*V) + ...

+ ((par[3]**2)*(2-3*(par[2]**2))/24.) ) * time

B = 1 + (1/24.)*(((1-par[1])*logFK)**2)+(1/1920.)*(((1-par[1])*logFK)**4)

VOL = (par[0]/V)*A

diff = VOL - MKT[j]

elif F != K[j]:

V = (F*K[j])**((1-par[1])/2.)

logFK = math.log(F/K[j])

z = (par[3]/par[0])*V*logFK

x = math.log((math.sqrt(1-2*par[2]*z+z**2) + z - par[2])/(1-par[2]))

A = 1 + (((1-par[1])**2*par[0]**2)/(24.*(V**2)) + ...

+ (par[0]*par[1]*par[3]*par[2])/(4.*V) + ...

+ ((par[3]**2)*(2-3*(par[2]**2))/24.) ) * time

B = 1 + (1/24.)*(((1-par[1])*logFK)**2)+(1/1920.)*(((1-par[1])*logFK)**4)

VOL = (par[3]*logFK*A)/(x*B)

diff = VOL - MKT[j]

sum_sq_diff = sum_sq_diff + diff**2

obj = math.sqrt(sum_sq_diff)

return obj

def calibration(starting_par,F,K,time,MKT):

for i in range(len(F)):

x0 = starting_par

bnds = ( (0.001,None) , (0,1) , (-0.999,0.999) , (0.001,None) )

res = minimize(objfunc, x0 , (F[i],K[i],time[i],MKT[i]) , ...

bounds = bnds, method=’SLSQP’)

alpha[i] = res.x[0]

beta[i] = res.x[1]

rho[i] = res.x[2]

nu[i] = res.x[3]

Through the calibration we want to find the parameters (for each smile) that make model
volatilities as close as possible to market volatilities.

The objective function computes, with arbitrary parameters, the volatilities for a single
smile, then sums the squares of all market differences. Its square root is the final quantity that
we want to minimize.

Notice that volatility differences for missing market data are set as zero, so that the mini-
mization is not affected.

For a specification without the shift, negative strikes can be neglected setting the differences
zero as before.

I used the method ”SLSQP” for constrained minimization of multivariate scalar functions,
where the objective function is minimized with starting values for the parameters. The bounds
for the parameters are those specified before in the model.

Running the script, this warning message appears:

Warning (from warnings module):

File "C:\Python27\lib\site-packages\scipy\optimize\slsqp.py", line 337

bnderr = where(bnds[:, 0] > bnds[:, 1])[0]

RuntimeWarning: invalid value encountered in greater
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It is simply due to the unlimited bounds for α and ν .

Lastly the starting guess is replaced by the calibrated parameters.

2.3 Data and variables

2.3.1 Output and input files

outvol = open(’outvol.csv’, ’w’)

vol_diff = open(’vol differences.csv’, ’w’)

parameters = open(’parameters.csv’, ’w’)

while True:

try:

file_input = xlrd.open_workbook(’market_data.xlsx’)

except:

print ’Input file is not in the directory!’

break

Market_data = file_input.sheet_by_name(’Swaptions data’)

We first create the output files, that will be overwritten every time you run the script.
”outvol.csv” will contain the volatilities that we are going to compute, ”vol differences.csv”

their differences with respect to the market, and ”parameters.csv” the calibrated parameters.

All market data we need is in a single input file, obviously, it must be in the directory,
otherwise the program can’t continue.

2.3.2 Swaptions characteristics

strike_spreads=[]

j=0

while True:

try:

strike_spreads.append(int(Market_data.cell(1,3+j).value))

j = j+1

except:

break

num_strikes = len(strike_spreads)

expiries=[]

i=0

while True:

try:

expiries.append(Market_data.cell(2+i,1).value)

i = i + 1

except:

break
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tenors=[]

i=0

while True:

try:

tenors.append(Market_data.cell(2+i,0).value)

i = i + 1

except:

break

F = []

i=0

while True:

try:

F.append(Market_data.cell(2+i,2).value)

i = i+1

except:

break

K = numpy.zeros((len(F),num_strikes))

for i in range(len(F)):

for j in range(num_strikes):

K[i][j] = F[i] + 0.0001*(strike_spreads[j])

MKT = numpy.zeros((len(F),num_strikes))

for i in range(len(F)):

for j in range(num_strikes):

MKT[i][j] = Market_data.cell(2+i,3+j).value

starting_guess = numpy.array([0.001,0.5,0,0.001])

alpha = len(F)*[starting_guess[0]]

beta = len(F)*[starting_guess[1]]

rho = len(F)*[starting_guess[2]]

nu = len(F)*[starting_guess[3]]

From the input file, we take the values of strike spreads, tenors and expiries, in order to set
the swaptions characteristics.

The same for the forward rate, the strike grid and the market volatilities.
At the end, the parameters have to be initialized with the starting guess.

You can modify my example of market data as you want, indeed I put an odd last row to
show how to customize the format.

If you don’t have market data, remember to write ”0” instead of leaving blank.

2.3.3 Labels

exp_dates = len(expiries)*[0]

for i in range(len(expiries)):

if expiries[i] < 1:

exp_dates[i] = str(int(round(12*expiries[i])))+’m’
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else:

exp_dates[i] = str(int(round(expiries[i])))+’y’

if expiries[i]-round(expiries[i]) > 0:

exp_dates[i] = exp_dates[i]+str(int(round((12*(round(expiries[i],2) -...

int(expiries[i]))))))+’m’

elif expiries[i]-round(expiries[i]) < 0:

exp_dates[i] = str(int(round(tenors[i]))-1)+’y’

exp_dates[i] = exp_dates[i]+str(int(round((12*(round(expiries[i],2) -...

int(expiries[i]))))))+’m’

ten_dates = len(tenors)*[0]

for i in range(len(tenors)):

if tenors[i] < 1:

ten_dates[i] = str(int(round(12*tenors[i])))+’m’

else:

ten_dates[i] = str(int(round(tenors[i])))+’y’

if tenors[i]-round(tenors[i]) > 0:

ten_dates[i] = ten_dates[i]+str(int(round((12*(round(tenors[i],2) - ...

int(tenors[i]))))))+’m’

elif tenors[i]-round(tenors[i]) < 0:

ten_dates[i] = str(int(round(tenors[i]))-1)+’y’

ten_dates[i] = ten_dates[i]+str(int(round((12*(round(tenors[i],2) - ...

int(tenors[i]))))))+’m’

label_exp = exp_dates

label_ten = ten_dates

label_strikes = num_strikes*[0]

for i in range(num_strikes):

if strike_spreads[i] == 0 :

label_strikes[i] = ’ATM’

else:

label_strikes[i] = str(strike_spreads[i])

Theese commands set the labels to improve the reading of the output.

2.4 Function calls

calibration(starting_guess,F,K,expiries,MKT)

SABR_vol_matrix(alpha,beta,rho,nu,F,K,expiries,MKT)

After creating all the variables, we call the calibration function that calibrates the parame-
ters.

Then we compute and print the SABR implied volatilities for all swaptions and strikes with
the just calibrated parameters.

outvol.close()

vol_diff.close()

parameters.close()

In the end we need to close the output files.
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