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Abstract

Usual option pricing is based on replication assuming complete markets. Com-
plete markets means that simple hedging strategies, like delta hedging, work ex-
actly but real markets are not complete. This has motivated research on reinforce-
ment learning to develop pricing for incomplete markets that are highly complex
to deal with otherwise. However, the literature has studied approximations of re-
inforcement learning giving the agents hints, e.g. approximated payoffs before
the actual final payoff, or by using a neural network for each timestep, increasing
complexity.

Here, we investigate if a single agent can learn hedging without hints, i.e. by
only knowing the final pay-off, using reinforcement learning. We consider the
simplest possible option setup: a vanilla European equity option in a pure Black-
Scholes world. We use an agent-critic-based method, Deep Deterministic Policy
Gradient (DDPG), and show that even in this simplest case, DDPG alone is unable
to properly hedge. However, by employing ensemble methods, i.e. average and
median, we can significantly improve accuracy and stability. This emphasises the
need for customization in application of deep learning in hedging rather than being
purely driven by data and hyper-parameters.

1 Introduction

Neural networks (NN) have been used as a non-parametric method since the early
1990s in finance, particularly option pricing and hedging, Ruf and Wang (2020). How-
ever, there have been very few papers using deep reinforcement learning (hence RL)
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for hedging. This is despite the fact that deep RL, has proven to be a very powerful
tool in solving action-involved problems with delayed rewards Lillicrap et al. (2015)
which is also a description of hedging problems. Buehler et al. (2019) use a repeated
neural network approach, i.e. a different NN for each hedging decision, so one NN
for each day of the 30-day maturity. Halperin (2017) uses a @-Learner method in
the Black-Scholes-Merton framework with payoff at the horizon (i.e., time T'), for a
general option on an equity. For hedging the author used the underlying and the risk
free asset in a discrete state and discrete time setup, 24 steps for one year maturity.
Similar to Buehler et al. (2019), a separate set of basis functions was fitted at each
timestep in their ”Fitted Q Iteration” for the optimal action and action-value functions.
Kolm and Ritter (2019) and Du et al. (2020) both employ similar approaches where
the objective function is the quadratic utility on the final wealth as the summation of
wealth at all times. Cao et al. (2021) and Giurca and Borovkova (2021) using DDPG
method expand the range of objective functions by considering the total future hedging
cost during the life of the instrument, that is an idea that has been proposed by Tamar
etal. (2016).

All these papers either consider agents that learn hedging in each timestep, even-
tually considering multiple agents that make the hedging strategy depending on the
number of timesteps as a hyper parameter; or, consider penalty functions that rely on
more information than only the final pay-off. While the first approach can significantly
increase the over-fitting problem and is computationally costly, the second approach
seems to be unrealistic.

In this paper, to study these issues we focus our attention on delta hedging as one of
the simplest possible hedging strategies that can serve as a benchmark problem. More
specifically, this paper uses Deep Deterministic Policy Gradient (DDPG), introduced
in Lillicrap et al. (2015), to train a textitsingle agent to hedge a European call op-
tion in a complete market (Black-Scholes). This is in contrary to the earlier research
like Buehler et al. (2019) or Halperin (2017). In addition, unlike Kolm and Ritter
(2019) and Du et al. (2020), Cao et al. (2021) and Giurca and Borovkova (2021), we
consider a penalty function that only makes an assessment of the hedging strategy at
the final trading step. We observe that a DDPG method alone is very unlikely to find
a proper hedging strategy even by increasing the number of the training episodes or
hyper-parameter tuning. Therefore, we introduced a general diagnosis method which
helped us to better understand the ways to overcome this limitation. From the diagnosis
we could see the benefit of using ensembling methods and after employing some stan-
dard methods, i.e. average and median, we observed that the accuracy and the stability
of the hedging strategies improved even with few training episodes ( < 10,000) and
few models ensembled ( < 50). In the following table we show how our paper can be
distinguished from the existing literature.

The paper is designed as follows: after a short introduction to delta hedging in a
Black-Scholes model and RL in Sections 2 and 3 respectively, then in Section 4 we
train the DDPG model to learn delta hedging. In Section 5 we report the results and
see that the DDPG fits poorly. In Section 6 we introduce a diagnosis method where we
find out and observe how the ensembling can improve the results. Section 7 concludes.



Buehler et al. (2019) multiple agents final step

Halperin (2017) pay-off
Kolm and Ritter (2019)
Duetal. (2020) single agent multi-step pay-offs

Caoetal. (2021)
Giurca and Borovkova (2021)
ZAK single agent final step pay-off

Table 1: The literature on RL and hedging.

2 Black-Scholes model and hedging

Let us consider a probability space (€2, F,P), consisting of a state space, a sigma al-
gebra on the state space, and a probability measure on the sigma algebra. As usual a
random variable X is a measurable function defined on €2, whose cumulative distribu-
tion function is denoted by F'x and its probability density function (if it exists) by fx.
The expectation is denoted by E and for an integrable random variable X is denoted
by E(X). In this paper for simplicity we denote the conditional probability E[X |A],
for a measurable set A by E4[X]. Finally Var(X) and std(X) denote the variance
and the standard deviations of X and are defined as Var(X) = E [(X — E(X))?]

and std(X) = /Var(X).

2.1 Black-Scholes Model

In this paper we follow standard text book discussions on Black-Scholes model and
delta hedging (see e.g., Bjork (2009)). Consider the Black-Scholes model that con-
sists of a risk free asset with interest rate  and an asset whose value is modeled by a
Geometric Brownian Motion S} given by:

dSt = ,LLSfdt + O’Stth, (1)

where {W;}, . is a standard Brownian motion, o > 0 is the volatility and  is the
drift. For the underlying asset (or stock), .S; indicates the stock price at time ¢; d.S; is
the change in a small time interval dt at time ¢, dS;/S; means the change per unit value
of the stock, which is the return of the stock at time ¢.

In order to find the price of the derivatives by expectation we need to find the
so-called risk neutral probability measure Q under which the discounted asset is a
martingale:

EQe S| F,) = e S, Vs < t,

where F is the sigma algebra generated by {W; },_.___ i.e. all information until time
s. For the Black-Scholes model this is equivalent to iz = r. So below we take p = .
We can write St as

Sp = Siexp { <r - 202> (T )+ o(Wr — Wt)} ,

With the Black-Scholes Model, we are able to simulate stock dynamics to any horizon.



2.2 Call option pricing

Here we consider a European call option on the stock price .S; with strike K, risk-free
interest rate r, volatility o and expiry 7.

We know that the disjoint increments of the Brownian motion are independent
and Wy — W, has a normal distribution of N (0,7 —t). This implies that (W —
W) /T —t=:Z~ N(0,1) and

Sy = Sexp { <7" _ ;g2> (T—1)+ azm} ,

where S; and Z are independent. A call option with strike price K > 0 and expiry date
has the following pay-off:
C =max (Sr — K,0).

The call option price is the expected pay-off under the risk neutral probability measure
and for the Black-Scholes model this is

Cy = 5, 9(d}y) — Ke "™ Va(d") ©)

where,® is the CDF of the normal distribution N (0,1) and
1
dly = {log(St/K) + (r + 202) (T - ﬁ)] /U\/(T —t).

2.3 Delta hedging and replication

For a general derivative with pay-off X (S7), 0X/05S, is referred to as the delta, de-
noted by A, which is the ratio between the value of an option contract and the cor-
responding movement of the underlying stock’s price. For example, for a call option
contract, if A is equal to 0.5, if the underlying stock price increases by 1 unite per
share, the call option’s value will increase by 0.5 unite per share. In the Black-Scholes
model the delta of a European call option C' is:

_c_39
~ 95 S

Hence A € (0,1).

The Black-Scholes model is a complete model. This means that all derivatives can
be uniquely replicated by a dynamic rebalancing of a portfolio of the underlying and
the risk free asset. For a call option C' the replicating portfolio is:

[S®(dy) — Ke " ®(d_)] = ®(d4).

(at, by) = (¢(dt+), —Ke "To(d")),

where (a¢,b;) is the number of shares (S) and the risk free position (bank account)
respectively.



2.4 Simulated data

Using the Black-Scholes model with a fixed volatility, we are able to generate as many
future stock price simulations as we want. Here we set up the starting price Sy of the
stock at 100, interest rate 7 = 0.03 and volatility o = 0.2. We divide a trading year into
100 intervals, or hedging steps. As increasing the number of intervals would increase
the difficulty of the learning process (the bigger the number of trading, the harder for
the model to ’track back’), so limited by computing power, 100 intervals is a suitable
example value.
Recall the formula of the Black-Scholes model for the stock price:

1
Sy = Spexp { <r — 202) t+ O’Wt} ,

With At = 0.01 we generate 100 samples B; ~ N (0, At) which follow the standard
normal distribution, then set W; = Wy 01; = sum(B;) - V/At. Hence, all the stock
price simulations follow the Black-Scholes model and have the same interest rate and
volatility. Figure 1 shows an example of ten random simulations.

10 stock simulation under Black-Scholes Model

Stock price

Figure 1: 10 randomly generated stock price paths.

In this paper we consider at the money call option with strike equal to K = Sy =
100.

3 Deep Reinforcement Learning

Here we discuss RL and the specific methods that we employ in this paper. We follow
the discussions in Sutton and Sutton and Barto (2018) and Goodfellow et al. (2016).

3.1 The brief review of reinforcement learning

The idea of RL find its root in solving a dynamic programming problem. So let us begin
by a brief review of the dynamic programming. First let us introduce the following



notations:

s € S, States.

a € A, Actions.

r: AxS — R,Rewards.

St, at, State,action,and reward at time ¢ and 7, = r(ay, $¢).

N, Number of episodes.

~, Discount factor.

a, The learning step.
N—n

G, Return; or discounted future reward; Gy = Z fyerk.
k=0

P(5'|s,a), Transition probability.

7(als), Stochastic policy.

7o (s),1s a policy parameterized by 6.

7(s), Deterministic policy.

1, is the stationary state distribution.

Lo, 1s the parameterized stationary state distribution.

Viw(s) = E[G¢]s], is a value function parameterized byw.
V7(s),= Eanr[Gils].
Quw(s,a) = E[G¢|s, a], Action value function parameterized by w.
QT (s, a) = aNﬁ[Gt|s al.

Z 1o (s)V7™(s), Reward function.

seS

Consider an agent in state s € S in time zero that wants to find a policy 7 that maxi-
mizes its lifetime reward:

Vi(s) = mEXES <Z’y 7 (ae]st), st)) .

Usually a solution for this problem is defined recursively where the agents tries to find
a policy function 7 : A|S — A, and the optimal solution is given as:

VT (Z'y r (7 (at]se) , st)> .

There are many possible generalizations; for instance, one can consider a stochastic
reward and also a stochastic policy. In that case we can specify if the expectation is
conditional to which random variable. While the main aim of the agent is to maxi-
mize the lifetime reward, their target is to find a policy function that can make this
possible. In that respect, the agent can either find the value function or the policy func-
tion, as finding either can result in finding the other one. There are very few dynamic



programming problems with a closed form solution. Usually, a solution to a dynamic
programming problem is approximated by using a numerical method. For instance, the
value iteration method can approximate the value function by starting from an initial
value function and approximate the value function within the following iteration:

Vit (s) = max {r (a,s) + Es (Vo (s)}.

Now consider a situation where we do not consider any model and want to study a
model free dynamic programming problem. This essentially means we do not con-
sider a specific transition probability. RL is an approach to solve these type of non-
parametric/model-free problems. More precisely, in that case a RL setup tries to find
a policy or a value function by making observation from the environment. In this way
one can observe the reward and the transition by interacting with the environment.

A typical example is the video games, where an agent would receive information
about the reward from the different actions they take; e.g., in a car driving game one
would realize if the car crashes another car or hit a wall by watching the game screen.
Like a human, the agent learns to achieve successful strategies that lead to the greatest
long-term rewards. This paradigm of learning by trial-and-error, solely from rewards,
is known as RL. Also like a human, the agent construct and learn their knowledge
directly from raw inputs, such as market prices and its fluctuation. This knowledge can
be summarised using deep neural networks.

RL is an approach to find the value or the policy function without considering a
specific transition model or payoff. There are three main approaches to RL:

* Value based: In this method we approximate the value function J through updat-
ing a deep neural network V-, where W are the weights of the neural network.
Most value-based methods focus on updating the so-called @Q-function Q,,(.)
which approximates J and is effectively Vyy. This is done by a (deep) neural
network for @, (.) rather than Jy,. More precisely the method is based on the
following update for the next state s':

W w—a« (Qw(s, a) —r(s,a) — 7 max Qu(s', a’)) .

This is known as the deep Q-learning (DQN) algorithm.

* Policy based: In this method, we approximate the policy function 7 by a deep
neural network network 7y, where 6 are the weights of the network. The major
idea in this method is based on the stochastic gradient policy theorem which

states:
VJy Z po(s) Z Vmg(als)Q™ (a, s).

seS
As a result, one can derive the following updates for the policy function param-
eter 6 in step n:
0+ 0+ ay"G,Vlogmg(an|sn).

* Combined value and policy based, Actor-Critic: In this method we update the
value network .J,, and policy g at the same time. In any update the actor will



move according to the policy function, and next, the critic will be using the value
function to critic the actor move. The critic is essentially based on a so-called
baseline with which the critic compares the value of the value after the actor’s
move. The baseline in most algorithms is an update of the value function, which
implies not only the policy but also the value function need to be updated. An
algorithm can be developed where the updates are done in step n according to
the following:

w < w+ 17" (Gp — Vi (s,))VViy(sy), Critic,
0« 0+ axy" (G, — Viy(sn))Vmo(sn), Actor.

We employ the actor-critic method where the policy is assumed deterministic. In our
hedging application, the state is Markov so we can make the decision only based on
the current state. This is the idea of the deterministic gradient policy theorem by Silver
et al. (2014) which states a version of the chain rule:

Vo 0 Earey [Vor (5)VQ™ (5,) amy(e))-

In the update we need to use the gradient of both the policy and the value function
which means we need two neural networks: actor and critic. This is called the Deter-
ministic Policy Gradient algorithm (DPG).

3.2 Deep Deterministic Policy Gradient (DDPG)

DDPG is one of the most popular reinforcement algorithms introduced in Lillicrap, et
al. (2015) that can combine the DPG and the DQN. Prior to DDPG attempts to combine
DPG and DQN were unstable. DDPG introduced exploration (caching), i.e. it did not
update on every step: this was sufficient to create stability. However as we will see,
this is not enough to solve the hedging problem we consider.

The policy function 7 (.|s) is usually modeled as a probability distribution over ac-
tions A given the current state, thus it is stochastic. In the deterministic policy gradient
(DPG) the policy is given as a = 7(s). We can consider the deterministic policy as a
special case of the stochastic one, when the probability distribution contains only one
extreme non-zero value over one action.

Comparing with the deterministic policy, the stochastic policy requires more sam-
ples as it integrates the data over the whole state and action space. On the other hand,
as transitional (-learning has its limitation, where all the @) value will stored in a table,
where will save all @ value for every possible actions for each state. However most
of the problem now have huge possible states and actions available, storing every @
value becomes impossible. So we use Neural Network to replace the () value table to
decides and gives @ value to actions. However, unless there is sufficient information it
is difficult to create a good deterministic policy. So, in a deterministic policy algorithm,
an exploration step must be added. DDPG actually considers an exploration step that
is given as follows:

a=m7(s)+R,



where R is a random variable that can be given by a random process. Here we use an
Ornstein—Uhlenbeck process.

In DDPG the advantages of actor-critic and Deep (Q-learning are both present. On
the Policy Gradient part, an action prediction network will output an action; the action
target network helps value-based network to update State value. Where the state target
network use the action from Action target network to update state value where state
prediction network use action from action prediction network.

4 Implementing DDPG for a call option in the BS model

The purpose of this project is to assess deep RL to re-balance the hedging portfolio
by trading the stock market. We will use DDPG, where we need to specify the model
components including the states and the actions and then we will give the first results.

The code consists of two parts: the training agent with neural networks, and the
environment. The training agent we used was the DDPG agent from Keras-rl, a deep
RL project base on Keras. We first give details on the working environment then the
setup of the DDPG agent and neural network.

4.1 Environment

We want our model to hedge based on the current information at every step, as in delta
hedging. From the delta hedging formula we know that A depends on the price of the
stock Sy and the time to maturity 7" — ¢, given that option parameter (strike) is fixed.
We need to decide how to re-balance between the bank account and stock account. So,
the inputs at time ¢ are:

St (T - t)thKv

which indicates the current stock price, the time left until expiry, the quantity of money
we hold in the bank account, and the quantity of money we hold as stock, respectively.
Note that, in delta hedging, borrowing from the bank is allowed, and the stock can be
shorted. The hedging portfolio must be self-financing so net value cannot be created
or destroyed by changing the position. The position net value can only change from
interest on the bank account or movement of the stock price. Thus the actual state we
need to consider is
Sta (T - t)v Zt,

where Z; = X; + Y;. The action is how much stock to hold.

We also need a reward function, so each time it finishes an episode, it will receive
a ”’score” based on its performance during this episode. An episode is a hedge-to-
maturity starting from time zero and ending at the option maturity.

Now, we know what is required for building an environment where our model could
learn and play the hedging game by:

» Updating states at each time point for the model to observe and make an action.

¢ A reward function to tell the model how successful it is.



The whole environment works like this: at time ¢, the model observes the current state
st = (S¢, T —t, X;,Y:) and inputs this state to the agent; the agent will then decide
to make an action a; to decide how much money we should put into stock market to
buy the underlying stock. Because the portfolio is self financing at each time point,
which means the total amount of money we hold remains the same, the money in bank
becomes a; = X; + Y; — a;. Then after a time interval pass, the current time changes
from ¢ to t+1. We will observe a new state at time ¢+ 1, (S;41, T—(t4+1), Xiy1, Yig1)-
Because of the stock price changes through time and we gain/pay interest r to the bank
depending on our bank account. The new state X;;; and Y;; are related as follows:

X1 =1+r)a

St+1
St

Yt+1 = Qg -

4.2 Agent setting

We have introduced the DDPG algorithms in the previous section, which contained two
parts, actor and critic. The actor neural network will receive the inputs (states) from the
environment and output an action, and the critic neural network will input the result of
the action and output a score for the action.

Actor hidden layers: 64 x 64 x 64 x 64 := 64*

e fully connected
* activation: relu

* output: sigmoid
Critic hidden layers: 64 x 64 x 64 x 64 := 64*

e fully connected
* activation: relu

* output: linear

We aim compress the input state in the range of -1 to 1, where activation functions
work more efficiently. However, at the same time, we aim to maintain the relationship
between different inputs. For example, the stock price S; and X; share the same units
(money), so we shall use the same scale to compress them. So the compression method
we used for stock price, amount in bank and stock is divided by the maximum stock
price Sy,q. Of all the data we use for training and testing. We still use the same scale to
compress the input, otherwise the neural networks’ weights would be hard to compare
and test for further use.

It is important to mention that unlike Buehler et al. (2019) and Halperin (2017) in
this paper we do not fit different NN at each timestep, but consider a single agent for
the whole process.

10



4.3 Reward function and the final pay-off

A typical challenge in machine learning and deep RL is how to find a good reward
function. Sometimes even a small change can give a totally different result. We want
our reward function to determine the difference between the amount of money we need
to pay (St — K)4 and the total amount of money X + Y7 we hold at the expiry time
T'. The smaller the difference, the better the result, which means that even if we hold
much more than what we need to pay at the expiry time, the result is still not good
because we are hedging not investing. Therefore, our reward function is:

)l = K)y = (Xr+Yr)| t=T
o) = 0 ow.

This means that unless we perfect hedge the option, we will always get a negative
reward, and the bigger the reward, the better the result.

As one can see this penalty function is clearly based only on the final pay-offs.
For instance, Kolm and Ritter (2019) and Du et al. (2020) used an objective like the
following

T
max (E [0w:] — “Var [5wt}> ,
strategles =0 2
for a positive number « where w; denoted the agent’s wealth at time . On the other
hand, Cao et al. (2021) and Giurca and Borovkova (2021) use the cost instead. More
precisely, their objective is to minimize Y (0) where

Y(t) = B (C) + e\ E(C?) - E(C)).

Here c is a positive number and C} is the hedging cost from time ¢ and onward.

These objective function are to some extent unrealistic in practice as they account
for more information than only the final pay-off.

In Figure 2 we have a schematic view of the algorithm:

Agent Environment

Input
| Se.T—tZ;
DDPG: receive input The states at time £

Output an action a, € [0,1] Make action

Q(S)e = a5, Action

(5)e = ar
Q(B)e = 2= Q)

Xewy = (14 7) QB), +%cm, ‘
S

| Se41, T = (8 + 1), Ze44

The states at time ¢ + 1

—abs((Sr—K)s —27), =T

Reward =
{ 0, otherwise

Figure 2: DDPG for hedging.
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5 Stability and result v.s. Delta hedging

In the complete market implied from the Black-Scholes model, delta hedging gives
perfect replication of derivatives. In the following discussions, in this section and Sec-
tion 6, we make comparison between the different hedging strategies we introduce and
the delta hedging. As the delta hedging is a function of the asset value and the time to
maturity we also have chosen to present the hedging strategies we study as a function
of asset value and time to maturity. That is why for the asset value S; we consider the
action of the agent at the state s; = (S;, T — t, Z"), where Z2 is the delta hedging
portfolio value associated with the asset value S;.

5.1 First observation: training and hyperparameter tuning

We trained the model with 12,000, 20,000, 30,000 and 45,000 episodes respectively
and used the saved weights to test on 500 out of sample data to check the result (see
Figure 3).

As well as varying the training length, we tested different NN configurations

. 163
. 643

* 64*, no improvement with additional layers, so this is used in all results presented
below

. 645

We can see that, after 20,000 episodes, the result stops to improve and the outcome is
poor in two ways:

* The average error is high.

* The stability of the model is not satisfactory, i.e. results vary considerably be-
tween different out of sample simulation runs.

In our model, the worst performance shows an error of over -12, and most results are
in the range of -4 to 0. This indicates that our model could not prove a stable outcome.
In some situations, it could perform well but many times would perform very badly.

We shall now diagnose why the model performs badly and use this to improve
performance.

5.2 Errors of the fitted models

In the next step we measured the error of the algorithm for 100 fitted models. More
precisely, we have considered 100 DDPG models each trained for 10,000 episodes.
We measured the error in two different ways. If we denote the stock value of the
delta hedging for the stock value S; by Apg(S;) and the stock value of the hedging

12



proposed by the DDPG method by Apppc(S:) then we introduce the error and the
absolute error for the stock value S; as follows:

e(St) = Aps(St) — Appra(St),
e?(Sy) = |Aps(St) — Appra(St)|.

If there is no confusion about time we can drop the time subscript. Note that in a
hedging strategy we better to consider two errors: the (real) error and the absolute error.
While the absolute error measures the hedging strategy accuracy in the real word, we
do not only care about the accuracy, but we also care about the fact that the model can
make a profit. So, the error function with a signed value is more meaningful than the
absolute error where profit and loss are weighted the same.

Since the error can happen during the time to expiry we can introduce the error for
each time spot ¢ as follows

et = E (ABS(St) - ADDPG(St)) )
e? =F |ABS(St) - ADDPG(St)| .

Given that Sy /Sy ~ log Normal(rt, 0t) the errors can be given as follows:
co= | (Bns(S) - Appra(S) ($)d5.
0

ey = /OO |Aps(S) — Apppa(9)] fi(S)dS,
0

_ (log(z)—rt)?

where fi(z) = —J—e" 27

Now we can integrate the whole errors over time and introduce the total error as
follows:

T
elotal — At Z E(Aps(St) = Appra(Sh)), ©)
t=1
T
ep T = Aty " E|Aps(Si) — Apppa(Si)|. “)
t=1

Finally, since we have done the training to fit 100 models we find the values for the
total error for each fitted model and report the distribution, mean and its variance.

As it has been mentioned earlier we have divided the time interval [0, 1] to 100
equal time sub-interval, so At = 0.01. We also have trained 100 models and first
present the histograms of both errors in the following figures:

The mean and variance of the errors are also reported in the following table:

As one can see the errors average and variance are high. This is due to the fact
that the pay-offs are only known in the final step. Actually, the DDPG method has
not been able to learn the delta hedging strategy by playing blind for 99 steps in each
episode. This shows we need to further investigate this problem by introducing a diag-
nosis method.

13



Total
‘ etTotal ‘ 6?7 ota

Mean 2.85 26.98
Variance | 102.92 31.68

Table 2: Mean and variance of el °*%! and e} "Total for 100 trained DDPG models.

6 Diagnosis and improvement

To better understand how a model can be improved we need a diagnosis method. For
the diagnosis, we chose to look at the stock and risk free assets for a fixed time to
maturity t. According to the closed form solution that we have for the delta hedging we
can find the values of the stock of value S in the portfolio by S;®(d!, ). For instance,
in the following figure of the hedging for the fixed 1" — ¢ = (0.25, time to maturity.

We can generate the same figures for the fitted model. This gives us a basis for
comparison between the hedging portfolio of the fitted model and the delta hedging. In
the figure 6, we can see a green line which is the correct performance action by delta
hedging and which is our objective. Except the performance of 12,000 episodes, all
others did well when stock price is low and high. They only did badly in the middle.
No model fit is satisfactory. Even while the ”symptom” is clear, we still do not have
a direct answer why our model does not converge. It is not due to training length:
training with 60,000 episodes is worse.

So we need to consider further modeling change.

In the figure 7, we can see the result for 100 fitted models for the time to maturity
t = 25. As it is already mentioned each learning is based on 10,000 episodes.

As one can perhaps guess from the figure, using an ensemble method such as aver-
age or median can improve performance.

6.1 Average and median DDPG hedging

In Figure 6 the models are trained on the same data set, just with different numbers of
training episodes. In order to use an ensemble method, we should train models on the
same number of episodes but with different data sets. So let us assume we train M
models and the resulting DDPG hedging strategies are given by

AlDDPG(St)al = 1,27 7JM'

Then the average DDPG and median DDPG are defined as follows:

M
1
A pverage—DDPG(St) = i > Abppa(Sh), ®)
=1
Antedian—pprc(St) = mediani—1,.. (A% ppa(Sh)), (6)

So, without changing other things, we train several models with 10,000 episodes each,
then save their weights. Then we can check the performance of the fitted models by
taking average and median of 1, 4, 12, 20, 60 and 100 trained models.
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6.2 Hedging cross-sections and surfaces

First, let us look at average and median ensembling using hedging cross-sections at
times to maturity of: 25/100; 50/100; and 75/100 from the training in Figures 12, 13
and 14.

We can see that using an average ensemble improves the performance but that there
are still regions of difference even using an average of 100 fitted models.

To better understand the hedging performance we can look at the hedging surfaces
rather than the cross-sections. A hedging surface simply includes all the hedging shares
for all times to maturity in a surface, where on the horizontal axis we have time and the
stock price and on the vertical axis we have the in-stock value of a hedging strategy.
Let us first look at the hedging surface of analytic delta hedging in Figure 8.

In Figures 15 and 16 we show the hedging surface for both the average and the
median DDPG. Interestingly the surfaces for a single fitted model look better than the
average and median for up to 20 models. However, this is an indication of the fact that
the training results are not very stable. On the other hand, as the numbers increase the
surfaces show more robust convergence to the ideal delta hedging surface.

In order to better compare the ensemble surfaces with ideal delta hedging we look
at the difference between the hedging surfaces of the average and median DDPG hedg-
ing method and the delta hedging surface. In Figures 17 and 18. The two set of figures
again can reaffirm the improvement in the stability and also the accuracy from increas-
ing the number of the fitted models in the average and median DDPG hedging.

Finally we also want to look at the values of the errors and the standard deviation
as measures of accuracy and stability. We use the total errors defined in (3) and (4),
however we also define the standard deviation similar to the total errors as follows:

T

(std); " = ALY std (Aps(S) — A(Sy)), )
t=1
T

(std) T = ALY std|Aps(Si) — A(Sy)] ®)
t=1

where A is either A gyerage— DDPG OF Apfedina—DDpPc- In Tables 3, 4 and Figures 9,
10 we report the total errors and standard deviations for both the average and median
DDPG methods.

’ M ‘ Absolute error, Average-DDPG | Error, Average DDPG | Absolute error, Median-DDPG | Error, Median DDPG

1 28.24 -14.53 28.24 -14.53
4 20.120 1.3062 19.7638 -3.7157
12 13.7071 2.1002 13.9925 -1.6396
20 12.7192 2.1369 12.0564 -1.6708
60 11.303 1.5088 10.4679 -2.6965
100 11.5468 2.9346 10.6523 -0.9433

Table 3: Errors for different number of models, M, ensembled
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’ n ‘ Absolute STD, Average-DDPG | STD, Average DDPG | Absolute STD, Median-DDPG | STD , Median DDPG

1 39.39 20.42 39.39 20.42
4 28.134 1.9975 27.6024 5.0187
12 19.1159 2.9578 19.6667 2.2686
20 17.7077 2.9595 16.939 2.3563
60 15.7391 2.0626 14.7307 3.816
100 16.0628 4.0746 14.9604 1.3565

Table 4: Standard deviation of errors for different number of models, n, ensembled

From Table 3 and Table 4 of errors and the standard deviations respectively, we see
that the ensembling methods can improve the accuracy and the stability of the model.

A graphical view of Table 3 and Table 4 is given in Figures 9 and figure 10. We see
that the most improvement in error is complete by emsembling 20 models and there is
only marginal improvement thereafter.

Although it is not evident from the error metrics, e.g. Table 3 or Figure 9, the
hedging cross-sections and surface differences are generally much closer to the exact
analytic solution for the median than for the average: compare Figure 17 to Figure 18.
This may indicate better performance for more exotic payoffs.

Some bias remains and would need additional improvement to remove.

6.3 Hedging errors and an important observation

Finally, we report the errors of each method in Table 5. As one can see the median
DDPG method closely performs like the true delta hedging method. Furthermore,
while the average DDPG is not performing as good as the median DDPG but the errors
are at an acceptable level comparing with the error generated by delta hedging.

’ \ Delta hedging \ Average DDPG \ Median DDPG ‘

Mean error 1.4876 2.0157 1.8927
std error 1.1038 1.4765 1.3942

Table 5: Errors of the three method for 100 step.

Now let us take a closer look at the delta hedging and the alternative ensemble
DDPG hedging, from a practical perspective.

The delta hedging method when applied to the simulated data produces error. We
have observed that this error to our surprise does not decline as fast as we expected. As
you can see in Table 6 and in Figure 11 the mean error and the standard deviation reduce
at a logarithmic rate with respect to the number of the hedging steps, which is too slow.
This observation demonstrates that delta hedging is poor in practice even under perfect
conditions. As a result if we have another hedging strategy which is almost as accurate
as delta hedging, but also flexible to the type of the underling process, it will be more
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useful in practice. This is what the current paper will ultimately suggest as the errors
of the ensembled DDPG methods are almost the same as the delta hedging.

N =100 | N=1,000 | N =10,000
Mean error 1.4876 0.4708 0.15
std error 1.1038 0.3567 0.1136

Table 6: Mean and std of the delta hedging method for 100, 1,000 and 10,000 steps.

This poor performance motivates us to look for another method that while being
more flexible can perform at least as good as the delta hedging. We have examined
the errors for delta hedging, versus the ensemble hedging, recalling results in Table 5,
and saw that the numbers are very close to one another. This is really important since
as alternatives ensemble DDPG methods are only path dependent and can learn the
hedging strategies if enough scenarios or paths are fed to the machine.

7 Conclusions

This paper focused on the popular and simple delta hedging strategy to study some
issues related to RL hedging that were neglected in the literature. The paper assessed a
deep RL method, DDPG, in learning delta hedging in a complete market based on the
Black-Scholes Model as a benchmark test.

More specifically, the paper identified and addressed two issues, first that if there
could be just a single agent to learn hedging and second if the results can only rely on
the final pay-offs. It was demonstrated that RL alone was unable to converge to the
exact analytic hedging performance whatever the number of training episodes and for
arange of different NN architectures.

However, using basic diagnostics suggested ensembling. Using the average and
median ensembling with DDPG greatly improved the performance in terms of accuracy
and stability. The median gave closer results to the exact analytic hedging surface but
gave equivalent results in terms of error metrics. This suggests better performance on
more complex payoffs or underlying processes. Some bias remains and would need
additional improvement to remove.

Building a working model is important, but more importantly we are exploring the
advantages and limitations of deep RL in financial/hedging and real world applications.
One great advantage of using the RL in the way we have used is that it is a model-free
method. This essentially means that the learning is only path data dependent and we
can use more sophisticated simulated paths, like models with rough volatility, and learn
appropriate hedging. Challenges remain in fitting a deep RL model. For deep RL,
the longer the delay of getting rewards using a single pair of neural networks (actor
and critic), the harder it is for the model to track back. This required use of ensemble
methods. More extensive exploration may resolve the remaining issues and emphasises
the need for customization with deep RL for financial applications.
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Figure 3: Performance of DDPG for different training lengths
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Figure 4: Histogram of the errors for 100 models each trained on 10,000 episodes.
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Figure 5: The value of the stock and the risk free for 25 steps time to maturity.
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Figure 6: Lines showing model performance after 12,000, 20,000, 30,000, 45,000
episodes of training. There is little convergence
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Figure 7: DDPG hedging cross-sections for 100 fitted models at time to maturity
25/100.
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Figure 9: The errors of increasing numbers of ensembled fitted models.
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Figure 10: The standard deviations errors of increasing numbers of ensembled models.
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Figure 11: Mean error and std error of delta hedging for different timesteps.
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Figure 12: Hedging cross-section for average (blue) and median (red) DDPG at time
to maturity 25/100

Figure 13: Hedging cross-section for average (blue) and median (red) DDPG at time
to maturity 50/100
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Figure 14: Hedging cross-section for average (blue) and median (red) DDPG at time
to maturity 75/100
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Figure 15: Hedging surface for average DDPG
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In stock, median-DDPG for 12 fitted model In stock, median-DDPG for 20 fitted model
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Figure 16: Hedging surface for median DDPG

Difference between average-DDPG and delta hedging for 1 fitted mode  Difference between average-DDPG and delta hedging for 4 fitted mode

Figure 17: Differences in hedging surfaces for average DDPG hedging
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Figure 18: Differences in hedging surfaces for median DDPG hedging
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