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ABsTrACT. Since VIX options started trading in 2006, many researchers have tried to build a model that
jointly and exactly calibrates to the prices of S&P 500 (SPX) options, VIX futures, and VIX options. So far
the best attempts, which used parametric continuous-time jump-diffusion models on the SPX, only produced
an approximate fit. In this article we solve this longstanding puzzle using a completely different approach:
a nonparametric discrete-time model. Given a VIX future maturity 71, we build a joint probability measure
on the SPX at T7, the VIX at 77, and the SPX at T = T1 + 30 days which is perfectly calibrated to the
SPX smiles at 77 and 7>, and the VIX future and VIX smile at 77. Our model satisfies the martingality
constraint on the SPX as well as the requirement that the VIX at 77 is the implied volatility of the 30-day
log-contract on the SPX. We prove by duality that the existence of such a model means that the SPX and
VIX markets are jointly arbitrage-free.

The joint calibration puzzle is cast as a dispersion-constrained martingale transport problem which is
solved using (an extension of) the Sinkhorn algorithm, in the spirit of De March and Henry-Labordére
(2019). The algorithm identifies joint SPX/VIX arbitrages should they arise. Our numerical experiments
show that the algorithm performs very well in both low and high volatility regimes. Finally we explain how
to handle the fact that the VIX future and SPX option monthly maturities do not perfectly coincide, and
how to extend the two-maturity model to include all available monthly maturities.

1. INTRODUCTION

Volatility indices, such as the VIX index [10], do not only serve as market-implied indicators of volatility.
Futures and options on these indices are also widely used as risk-management tools to hedge the volatility
exposure of options portfolios. The existence of a liquid market for these futures and options has led to
the need for models that jointly calibrate to the prices of options on the underlying asset and the prices
of volatility derivatives. Without such models, financial institutions could possibly arbitrage each other,
and even market making desks within the same institution could do so, e.g., the VIX desk could arbitrage
the S&P 500 (SPX) desk; and by using models that fail to correctly incorporate the prices of the liquid
hedging instruments, such as SPX options, VIX futures and VIX options, exotic desks may misprice options,
especially (but not only) those with payoffs that involve both the underlying and its volatility index.

In particular, since VIX options started trading in 2006, many researchers and practitioners have tried to
build a model that jointly and exactly calibrates to the prices of SPX futures, SPX options, VIX futures, and
VIX options. This is known to be a very challenging problem, especially for short maturities. In particular,
the very large negative skew of short-term SPX options, which in continuous models implies a very large
volatility of volatility, seems inconsistent with the comparatively low levels of VIX implied volatilities. For
example the double mean-reverting model of Gatheral [21], though it is very flexible, cannot perfectly fit
both the negative at-the-money (ATM) SPX skew—mnot large enough in absolute value—and the ATM VIX
implied volatility—too large—for short maturities. One should decrease the volatility of volatility to decrease
the latter, but this would also decrease the former, which is already too small.

Guyon’s experiments [27] using very flexible models such as the skewed two-factor Bergomi model [5], the
skewed rough Bergomi model, independently introduced by Guyon [26, 28] and De Marco [15], and their
stochastic local volatility versions, also suggest that joint calibration could be out of the reach of classical
continuous-time models with continuous SPX paths (“continuous models” for short): for short maturities,
either the SPX smile is well fitted, but then the model ATM VIX implied volatility is too large; or the VIX
smile is well calibrated, but then the model ATM SPX skew is too small (in absolute value). Song and Xiu
[39] argued that “the state-of-the-art stochastic volatility models in the literature cannot capture the S&P 500
and VIX option prices simultaneously.” Jacquier et al [32], who investigated the (unskewed) rough Bergomi
model, also noted: “Interestingly, we observe a 20% difference between the [volatility-of-volatility| parameter
obtained through VIX calibration and the one obtained through SPX. This suggests that the volatility of
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volatility in the SPX market is 20% higher when compared to VIX, revealing potential data inconsistencies
(arbitrage?).” Note that this difference in implied volatilities of volatility does not indicate the existence of
an arbitrage; it simply means that the model under consideration is inconsistent with market data. Even if
it could be proved that no continuous model can jointly calibrate to the SPX and VIX smiles, it would not
reveal any arbitrage; it would simply mean that although it is very large, this class of models is inconsistent
with market data.

In the case of instantaneous VIX, Guyon [25, 28] derived a necessary and sufficient condition for continuous
models to jointly calibrate to the SPX and VIX smiles: that the distribution of the Dupire market local
variance [18] be smaller than the distribution of the (instantaneous) VIX squared in the convex order, at all
times. Guyon [25, 28] also reported that for short maturities the distribution of the (true, i.e., 30-day) VIX
squared in the Dupire market local volatility model is actually larger than the market-implied distribution
of the (true) VIX squared in the convex order. He showed numerically [27, 28] that when the (typically
negative) spot-vol correlation is large enough in absolute value, (a) traditional stochastic volatility models
with large mean-reversion, and (b) rough volatility models with small Hurst exponent, can reproduce this
inversion of convex ordering. The fact that large mean-reversion can generate this inversion of convex ordering
is also supported by [29] where an expansion of the volatility of the VIX squared implied by VIX futures
at order 5 in small volatility-of-volatility is derived in Bergomi models and compared with the expansion
of the SPX ATM skew of [6]. Acciaio and Guyon [1] provide a mathematical proof that the inversion of
convex ordering can be produced by continuous models. However, the inversion of convex ordering is only
a necessary condition for the joint SPX/VIX calibration of continuous models; it is not sufficient. Other
attempts at jointly calibrating with continuous models include Fouque and Saporito [19], but their approach
does not apply to short maturities (below 4 months), for which VIX derivatives are most liquid and the
joint calibration is most difficult; and Goutte et al [22], but the SPX smile used in their calibration tests is
erroneous.’

Since it looks to be very difficult to jointly calibrate the SPX and VIX smiles with continuous models,
many authors have incorporated jumps in the dynamics of the SPX, see, e.g., [37, 11, 36, 2, 34, 35, 3]. Jumps
offer extra degrees of freedom to partly decouple the ATM SPX skew and the ATM VIX implied volatility.
However so far all the attempts at solving the joint SPX/VIX smile calibration problem only produced
imperfect, approximate fits.

In this article we solve this longstanding puzzle using a completely different approach: instead of postulat-
ing a parametric continuous-time (jump-)diffusion model on the SPX, we build a nonparametric discrete-time
model. Discrete time allows us to easily decouple the ATM SPX skew and the ATM VIX implied volatility;
going nonparametric gives us full flexibility for perfect calibration. Given a VIX future maturity 77, we build
a joint probability measure on the SPX at T3, denoted by Sp, the VIX at T7, denoted by V', and the SPX
at To = T1 + 30 days, denoted by S5, which is perfectly calibrated to the SPX smiles at 77 and T, and
the VIX future and VIX smile at 73. Our model satisfies the martingality constraint on the SPX as well
as the requirement that the VIX at 77 is the implied volatility of the 30-day log-contract on the SPX. The
discrete-time model is cast as a solution to a dispersion-constrained martingale transport problem which is
solved using (an extension of) the Sinkhorn algorithm, in the spirit of the recent work by De March and
Henry-Labordére [14].

In the first part of the paper, we formulate the superreplication problem for a general payoff f(Sy,V, Ss).
We include all vanilla options on S7, V, and Ss as (static) hedging instruments, as well as trading (dynamically,
i.e., at T1) in the SPX itself and the forward-starting log-contract. Moreover, we allow the deltas at 77 to
depend on the information available, that is, the SPX and the VIX index at T7. Using similar arguments as in
[4], we show that the price of the cheapest superreplicating portfolio is equal to the largest expectation of the
payoff over the set P (1, v, pe) of all the distributions of (S7, V, S3) that have the marginals pq, py, and peo
implied by option prices, and that satisfy the martingality constraint on the SPX as well as the consistency
condition that V is the implied volatility at T7 of the 30-day log-contract on the SPX (see Definition 2). Hence
the superreplication problem is dual to a dispersion-constrained martingale optimal transport problem. We
use this duality result to prove that in this setting the SPX and VIX markets are jointly arbitrage-free if

1Only for the shortest maturity is the reported SPX smile correct; for later maturities the reported SPX smiles have much
smaller skews (in absolute value) than the market smiles. The jointly calibrated model is well calibrated to the VIX smiles but
actually fails to produce enough ATM SPX skew to calibrate to market smiles, which is consistent with the other numerical
experiments reported above.



THE JOINT S&P 500/VIX SMILE CALIBRATION PUZZLE SOLVED 3

and only if the set P(u1, py, no) of risk-neutral measures is not empty. We also characterize the absence of
joint SPX/VIX arbitrages in terms of the existence of a coupling of u; and py such that two distributions
in dimension two are in convex order. A sufficient condition for the existence of a joint SPX/VIX arbitrage
is also given in the appendix, that uses a family of functionally generated superreplicating portfolios similar
to the one introduced in [24].

In the second part of the paper, we build a jointly calibrating model. This is equivalent to building an
element of the set P(u1, py, 12). To build such a model, and thus prove that the market is free of joint
SPX/VIX arbitrage, we choose a reference model i and look for the model in P(uq, v, 12) that is closest
to i in the entropic sense, see (5.1). By duality, this model is described in a nonparametric way by its
Radon-Nikodym derivative w.r.t. fi; the Radon-Nikodym derivative is of Gibbs type: it is the exponential
of the value of a portfolio made of the same hedging instruments as in the superreplication problem. This
portfolio is the solution to a concave maximization problem, see (5.5). To numerically compute this portfolio,
we use an extension of the Sinkhorn algorithm [38], which was recently revived by Cuturi [12] in the context
of classical (discrete) optimal transport and very recently used by De March and Henry-Labordére [14] to
quickly build arbitrage-free smile interpolations. The algorithm iterates the one-dimensional Newton method
in different directions to converge to the optimum, which is where the gradient of the functional vanishes.

In the third and last part of the paper, we provide useful implementation details and report the results
of our numerical experiments. Instead of working with abstract portfolios, we use combinations of calls and
puts that are listed on the market. In this discrete portfolio context, it is apparent that the joint calibration
condition is equivalent to the portfolio maximizing a certain concave function, see (6.5). Our numerical
experiments show that the algorithm performs very well in both low and high volatility regimes. The smile
calibrations are extremely accurate, while the martingality and consistency conditions are perfectly satisfied.
We describe the calibrating model in terms of the joint distribution of (S, V'), the corresponding local VIX
function, the distribution of S5 given S7 and V', the distribution of the log-return In g—f normalized by the VIX,
and the implied volatility of forward-starting options. Finally we explain how to handle the fact that the VIX
future and SPX option monthly maturities do not perfectly coincide, and how to extend the two-maturity
model to include all available monthly maturities.

The remainder of this article is structured as follows. After introducing our discrete-time setting in Section
2, we describe in Section 3 the primal and dual superreplication problems and show that they yield the same
value (absence of a duality gap). We apply this result in Section 4 to characterize the absence of joint
SPX/VIX arbitrage. Section 5 describes our strategy to build an arbitrage-free, consistent model that jointly
calibrates to the market smiles of the SPX and VIX indices. Section 6 provides implementation details, while
we gather our numerical results in Section 7. Finally Section 8 deals with the n-maturity case, and Section 9
concludes. The appendix describes a family of functionally generated portfolios that superreplicate zero and
gives sufficient conditions for the existence of a joint SPX/VIX arbitrage.

2. SETTING AND NOTATION

For simplicity, we assume zero interest rates, repos, and dividends. We consider a VIX future maturity 77.
We take as given the full market smiles of the SPX index S at the two maturities T} and T := T + 30 days,2
as well as the full market smile of the VIX index V at T;. By full market smile we mean the continuum of all
call prices C(K) for strikes K > 0. For i € {1,2} we denote S; := St,. We call forward-starting log-contract
(FSLC for short) the financial derivative that pays —%lng—f at Ty, where 7 := T, — T7 = 30 days. We
recall that, by definition of the VIX (substituting the strip of out-the-money options by the log-contract for
simplicity), the price at T} of the FSLC is V2. For convenience, we introduce the strictly convex function

2
L(z) := - Inz.

For each maturity T;, ¢ € {1,2}, absence of static SPX arbitrage (or butterfly arbitrage) is equivalent to
the existence of a risk-neutral measure p; := 9?C;/0K? such that the price of any vanilla option u; written
on S; is the expectation Ef[u;(S;)] := E#i[u;(S;)] of the payoff under j;, and we shall refer to j; as a smile as
well. (The notation 92C;/0K? refers to the second derivative measure of the convex function C;.) Similarly,

2Remark 10 explains how to deal with the fact that listed SPX options do not exactly mature at 77.
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by absence of static VIX arbitrage, there exists a risk-neutral measure puy = 9?Cy, /OK? such that the price
of any vanilla option uy written on V is the expectation EV [uy (V)] := E#V [uy (V)] of the payoff under puy .

Absence of dynamic SPX arbitrage (or calendar arbitrage) is equivalent to g1 and ps being in convex
order, i.e., E}[f(S1)] < E2[f(S2)] for any convex function f : R~q — R, even if we allow trading in the FSLC
at T7 (see [24, Theorem 3.4]). By absence of arbitrage, the price of S; at time 0 is the initial value Sy > 0 of
the SPX. Moreover, we denote by Fy > 0 the value at time 0 of the VIX future maturing at 7;. Therefore,
throughout the article, (S1,V,S2) denotes the identity on Ry x R>¢ x Rsg; p1, p2 are two probability
measures on Ry in convex order, with mean Sp; and py is a probability measure on R>o with mean Fy. For
the log-contracts and the VIX squared to have finite prices, we assume the following throughout the paper.

Assumption 1. The given marginals p1, o, vy satisfy
E'[S;] = So, E'[|InSi|] <oo, i€{1,2}; EV[V]=Fy, EY[V? <.

3. DuALiTY

3.1. The primal problem. It is well known that the knowledge of 111 and pg gives little information on the
prices of options E#[g(S1, S2)], e.g., forward-starting options E#[f(S2/S1)]. The many couplings of p; and
1o usually lead to a wide variety of prices. Computing the range of these prices is precisely the subject of
classical optimal transport. Adding the no-arbitrage constraint that (S7,S2) is a martingale leads to tighter
bounds, as this provides information on the conditional average of S5/S; given S;. This problem is then
called martingale optimal transport, see [31] and the references therein. In this paper, S being the SPX index,
we add VIX market data information to produce even tighter bounds. Indeed this now provides information
on the conditional dispersion of S3/S7, which is controlled by the VIX V.

We consider a market with two trading dates (Tp; = 0 and 77) where the financial instruments are the
SPX (tradable at Ty and T}), the vanilla options on it with maturities 77 and T (tradable at Tp), the VIX
future maturing at 77 and the vanilla options on it also maturing at 77 (tradable at Tp), as well as the FSLC
(tradable at T7). Note that we consider only static positions in vanilla options, but we allow dynamic trading,
that is, trading at 77, in the SPX and the FSLC. We are interested in deriving the optimal upper bound on
the price of a generic payoff f(S1,V,S2), given these instruments. The optimal lower bound is obtained by
simply taking the negative of the payoff.

For any measurable function A : Ry X R>9 — R let us introduce the shorthand notation

A(S)(817U,52) = A(s1,v)(s52 — 81), A(L)(817U752) = A(s1,v) (L (32> - UQ)

51
for s1,89 > 0 and v > 0. Let U denote the set of all integrable portfolios, i.e., the set of all measurable
functions wuy,us : Reop = R, uy : RZO — R, AS;AL : Ryg X RZO — R with uy € Ll(ul), uy € Ll(,uv),
ug € L'(uz), and Ag, Ay, bounded. Similarly as in De Marco and Henry-Labordére [16] and Guyon et al [24],
the model-independent no-arbitrage upper bound for the derivative with payoff f(S1,V,S2) is the smallest
price at time 0 of a superreplicating portfolio,

(3.1) Py = ibr}f {E u1 (51)] + EY [uy (V)] + E?[uz(S2)] }
f
where Uy is the set of integrable superreplicating portfolios, i.e., that satisfy the superreplication constraint

(3.2) V(s1,82,v) € R2>o X R>o,  u1(s1) + uy (v) + ua(s2) + Ags)(sl,v, s9) + ASLL)(sl,U, s2) > f(s1,v,82).

This linear program is known as the primal problem; P stands for “primal” and v stands for the value of
the VIX at the future date T;. At time 77, delta-hedging in the SPX and in the FSLC is allowed. The
respective deltas, Ag(s1,v) and Ap(s1,v), may depend on the values s; and v of the SPX and the VIX at
T). Since the price at T of the FSLC is v2, the delta strategies are costless, and the price of the portfolio is
E'ui (S1)] + EY [uy (V)] + E*[ua(S2)].

3.2. Duality. In this section, we introduce the dual problem to superreplicating the payoft f(S1,V,S2) and
prove the absence of a duality gap as well as the existence of an extremal model.

Definition 2. Let P(u1, pv, p2) be the set of all the probability measures i1 on Rso x R>g x Rsq such that
So

(3.3) Simp, Vepy, Sp~ps, EF[SolS,V]=Si, E Hs)

Sl,V} =V
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The dual problem to superreplicating the payoff f(S1,V,S2) is one of maximizing the expected payoff
EH[f(S1,V,S2)] over all probability measures pu € P(u1, iy, p12):

(34) Df = sup E”[f(Sl, Vv, SQ)]
HEP(p1,pv 112)

We call (3.4) a dispersion-constrained martingale optimal transport problem. Indeed, since V' is known at
Ty, E#[S5|S1, V] = Sy is the martingality condition of the SPX index, while E#[L(S2/51)|S1, V] = V? is the
consistency condition, which expresses that the VIX at T} is the implied volatility of the 30-day log-contract
on the SPX. The first equation imposes a condition on the average of the distribution of S5 given S; and V,
while the second equation imposes a condition on its dispersion around the average.

Martingale optimal transport, which was introduced in [4, 30] in discrete time and in [20] in continuous
time, corresponds to the case where the VIX market is ignored. Compared to the classical two-period
martingale optimal transport, our two-period dispersion-constrained martingale optimal transport problem
has one extra variable (V, known at T7) and one extra constraint (the dispersion constraint, which is controlled
by V), and in both constraints the conditional expectations are taken w.r.t. S; and V instead of S; only.
In [4] the authors prove absence of a duality gap for the martingale optimal transport in discrete time after
reducing it to classical transport theory by dualizing the martingale constraint, and then using a minimax
argument. The exact same technique of proof applies in our case. In particular, the set P(u1, py, u2) is
compact in the weak topology, and we have

Theorem 3. Let f : Ry X R>g x Ryg = R be upper semicontinuous and satisfy
(3.5) |f(s1,v,82)] < C(1+ 51+ 82+ |L(s1)| + |L(s2)| + v2)
for some constant C > 0. Then

Py :=inf {El[ul(Sl)] + EY [uy (V)] + E2 [’U,Q(Sg)]} = sup E*[f(S1,V,S2)] =: Dy.
Us BEP(p1,10v ,02)

Moreover, Dy # —oo if and only if P(p1, pv, p2) # 0, and in that case the supremum is attained.
We omit the proof, as it is a straightforward adaptation of the proof of Theorem 1 in [4].

Remark 4. As in [4], the proof actually shows that the portfolios can also be required to be continuous,
without changing the value of Py. Moreover, the vanilla payoffs u1, uy, and us can be chosen to be linear
combinations of finitely many call options, together with one position in the bond, one position in S7, and
one position in the VIX future, without changing the value of P;.

Compared to unconstrained martingale optimal transport, adding VIX market data may possibly reveal
a joint SPX/VIX arbitrage. As we explain in the next section, this corresponds to the situation where
P(p1, v, 2) = 0. In the limiting case where P(u1, v, n2) = {po} is a singleton, the joint SPX/VIX
market data information completely specifies the joint distribution of (S7,S52), in particular the price of
forward-starting options.

The absence of a duality gap proves useful to characterize the absence of joint SPX/VIX arbitrage, which
we introduce in the next section.

4. JOINT SPX/VIX ARBITRAGE

In this section we define what we mean by a joint SPX/VIX arbitrage and we characterize absence of joint
arbitrage in two different ways. Recall that Uy denotes the set of integrable portfolios that superreplicate
Z€ro.

Definition 5. An (S, S2, V)-arbitrage is an element of Uy such that E[uy (S1)]+EY [uy (V)] +E?[uz(S2)] < 0.

Since any such element can be scaled, we observe that there is an (S1, S, V)-arbitrage in the market if
and only if

(4.1) Py i= inf {E'fur(S1)] + B [uy (V)] + Eua(S5)]} = —cc.
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4.1. Consistent extrapolation of SPX and VIX smiles. Recall Assumption 1. If EV[V2] # E2[L(S2)] —
E![L(S1)], there is a trivial (51, Sa, V)-arbitrage. For instance, if EV[V?] < E2[L(S3)] — EY[L(S1)], pick

ui(s1) = L(s1), wua(s2) = —L(s2), uy(v) =% Ag(s;,v)=0, Ap(s;,v)=1.
Therefore, throughout the rest of this article, we assume that
(4.2) EY[V?) = E*[L(S,)] — E'[L(S1))-

This means that the price E*[L(S2)] — E'[L(S1)] of the VIX squared inferred from SPX futures and options
via the replication formula

5 BU(K — Si)4] 2 /°° E*[(S: — K)+]dK
So

; 2
4. E'[L(S;)] =L — dK + -
(43) L) = Lso) + 2 [ +2 -
coincides with the price EV [V2] of the VIX squared inferred from VIX futures and options using the replication
formula [5]

Fy s}
(4.4) EV[V? = FZ + 2/ EV[(K — V) ]dK + 2/ EV[(V — K),]dK.
0 Fv

Violations of (4.2) in the market have been reported, suggesting arbitrage opportunities, see, e.g., |7,
Section 7.7.4]. However, both sides of (4.2) do not purely depend on market data. By (4.4) the L.h.s. depends
on an (arbitrage-free) extrapolation of the smile of V' beyond the last quoted strikes, while by (4.3) the r.h.s.
depends on (arbitrage-free) extrapolations of the SPX smile at maturities 7} and 7. The reported violations
of (4.2) actually rely on some arbitrary smile extrapolations. Guyon [27] has shown that both sides of (4.2)
can even be made arbitrarily large.

The joint SPX/VIX arbitrage opportunities identified in [16, Section 5.1] can also be traced back to a
misalignment of E?[L(S2)] — E[L(S1)], which De Marco and Henry-Labordére denote 25, and EV[V?]. In
their numerical tests the authors use a VIX future value Fy, = 18.05% that is very close to o125 = 18.15%.
By the replication formula (4.4), since the authors assume that EV[V?2] = o2,, this implies that VIX calls
and puts must be cheap—they would need to be worth zero if Fy, were equal to o15. This explains why
the upper bound on the VIX implied volatility reported by the authors is so small, below market values. In
fact, it is likely that EY[V2] computed from (4.4) be larger than (18.15%)?, whatever the extrapolation of
VIX market implied volatilities used in (4.4). Once a larger value of 012, consistent with EV[V?], is used,
the arbitrage disappears. Stated otherwise, as reported by the authors, their upper bound on VIX implied
volatility is very sensitive to 012, a quantity that is not well defined, is highly dependent on the SPX smile
extrapolations, and can actually be made arbitrarily large.

For these reasons it is crucial to extrapolate SPX and VIX smiles in a consistent way, so that (4.2) holds.
Guyon [27] explained how to do just that, by first inter- and extrapolating the VIX smile, then building an
SPX variance swap curve consistent with (4.4), computed for all available VIX options maturities, and finally
devising an extrapolation of the SPX smile consistent with those VIX-inferred variance swap prices.*

4.2. Characterization of absence of joint SPX/VIX arbitrage. The following theorem, which is the
main result of this section, states that absence of (S, Sa, V)-arbitrage is equivalent to the existence of risk-
neutral measures pu € P(u1, v, f2), and that this is also equivalent to the existence of a coupling of p; and
py under which (S1, L(S1) + V?2) and (Sz, L(S2)) are in convex order.

Theorem 6. The following assertions are equivalent:
(i) The market is free of (S1,Sa, V)-arbitrage,
(il) Pur, pv, p2) # 0,
(iii) There exists a coupling v of p1 and py such that Law, (S1, L(S1) + V?) and Law,,, (Ss, L(S2)) are in
convez order, i.e., EV[f(S1, L(S1)+V?)] < E?[f(Sa, L(S2))] for any convex function f : RsgxR — R.

Proof. (i) <= (ii): By duality (Theorem 3), we have Py = Dy. Now, by definition, the market is free of
(S1, Ss, V)-arbitrage if and only if Py = 0, and from Theorem 3, P(u1, pv, p2) # 0 if and only if Dy # —oo,
in which case Dy = 0.

3Both quantities also depend on smile interpolations between quoted strikes. However, the impact of (arbitrage-free) inter-
polations is much smaller than that of extrapolations.
4Those VIX-inferred variance swap prices usually lie within the bid-ask spread of real OTC variance swap quotes.
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(ii) <= (iii): Let us define My = (Sy, L(S1) + V?) and Ma = (Sa, L(S2)) as well as

o, (dz, dy) = pa(dz)or e (dy)-

Let II(py, py) denote the set of transport plans from pq to py, i.e., the set of all couplings of py and py, or
the set of all joint distributions of (S1, V") that have the prescribed marginals p; and py. For v € T(uy, py),
let us denote by puf, the distribution of M; under v and by M(v, ui2) the set of all probability measures p
on Ry X R>g x Ry such that

My ~ ,u"Ml, Mo ~ pp,, E* [Ma|My] = M.
Then

Pl pv,op2) = | M, pa).

VGH(HDMV)

By Strassen’s theorem [40], each M (v, p2) is nonempty if and only if p}, and pay, are in convex order, which
yields the equivalence of (ii) and (iii). O

In the appendix we derive a sufficient condition for the existence of an (Si, Sa, V)-arbitrage based on a
family of functionally generated portfolios that superreplicate zero which is similar to the one introduced in
[24].

In order to check the absence of joint SPX/VIX arbitrage, directly solving the linear problem (4.1) as-
sociated to Assertion (i) of Theorem 6 is numerically doable but not easy as one needs to try all possible
(u1,uy,u2, Ag, Ay) and check the superreplication constraints for all si,s9 > 0 and v > 0. Condition (iii)
looks more handy, but numerically checking it is actually difficult as, in dimension two, the extreme rays of the
convex cone of convex functions are dense in the cone [33], unlike in dimension one where the extreme rays are
the call and put payoffs [8]. Instead, we will verify absence of (S1, S2, V)-arbitrage by building—numerically,
but with high accuracy—an element of P(u1, pv, pio), thus checking (ii).

5. BUILDING A MODEL IN P(u1, pv, i2)

In this section we explain how to numerically build a model u € P(u1, pv, o). We thus solve a longstanding
puzzle in derivatives modeling: build an arbitrage-free model that jointly calibrates to the prices of SPX
futures, SPX options, VIX futures, and VIX options.

Our strategy, inspired by the recent work of De March and Henry-Labordére [14], is the following. We
assume that P(uy, pv, u2) # 0 and try to build an element g in this set. To this end, we fix a reference
probability measure i on Rx¢ x R>g X Rs¢ and look for the measure o € P(u1, v, o) that minimizes the
relative entropy H (u, i) of p w.r.t. fi, also known as the Kullback-Leibler divergence:®

R {m%ﬂ — EF [%mjﬂ if j < fi,

BREP (p1,pv ,p2) +00 otherwise.

(G.1)  Du= _inf H(up).  Huj) = {
This is a strictly convex problem that can be solved after dualization using Sinkhorn’s fixed point iteration
[38]. Note that Dy # +oo if and only if there exists p < @& in P(u1, iy, t2), and in that case the infimum
defining Dy, is attained.® Indeed, from the proof of Theorem D.13 in [17], u — H (u, ji) is lower semicontinuous
in the weak topology. Since P(u1, v, p2) is compact in this topology, the infimum is attained.

Let M denote the set of probability measures on Ry X R>¢ X Rs¢. Introducing the Lagrange multipliers
u = (ur,uy,u2,Ag,Ar) € U associated to the five constraints (3.3), and assuming that the inf and sup

5We recall that p < fi if and only if for every event A, fi(A) = 0 = p(A) = 0.
6Note that the choice of the support of ji matters. In particular, P(p1, uy, p2) N{p € Mi|u < i} may be empty even when
P(u1, pv, p2) # 0. In practice we choose fi having full support R>o x R>o X R>o.
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operators can be swapped (absence of a duality gap), we have

(5.2) Dy = ir}& sup {H(u, i) + ]El[U1(S1)] + EV[Uv(V)] + ]Ez[UQ(SZ)]
HeEM1 yeu

—E* {ul(Sl) +uy (V) + u2(S2) + Ags)(sh v, S2) + AEL) (s1,v, 82)} }

(5.3) = sup inf {H(u, i)+ E'fus(80)] + EY [uy (V)] + E2[uz(S))
ueld PEM1

_E* [ul(sl) Fuy (V) +ua(Ss) + AP (51,0, 55) + AP (51, 0, 52)} }

Now, the inner infimum can be exactly computed. For any random variable X such that E*[eX] < +o0, let

us denote by fix the probability distribution defined by dg—fj‘ = ﬁ:x]. We have
. _ . dp . du diix
f {H —E*X]|} = f E¥ |In——-X| = f B/ |\ln— +In—— — X
ok 1 (e p) = BAX]) = nf [ndﬂ ] HEM, [ndﬂx R

. du A X . _ i, X i, X
- 1 fi — fi - i
Ng/lalE {ln e InE#[e ]] Mler}alH(u,,uX) InE#[e?] InE#[e?]

and the infimum is attained at p = fix since for all u € My, H(p, fix) > 0 and H(u, ix) = 0 if and only if
= [ix. As a consequence,

(5.4) Dy = sup ¥ (u) =: Py
ueU

where for u = (uy, uy,us, Ag, Ar) € U, we have defined
(5.5)

Va(u) = E'ur (S1)] + EY [uy (V)] + E*[uz(S2)] — InEX [e“1<Sl>+“v<V>+u2<Sa>+A(sS)(517V752>+A2“<517V’52)} .

If the supremum defining Py is attained at u* = (u], uj,, u3, A§, A} ), then the infimum defining Dy is reached
at

ot (s)Fuy (0)+us (52)+ AT (51,0,82)+ A7 (s1,0,52)
(5.6) w*(ds1,dv,dss) = ji(ds1, dv, dsg)

R {euf<sl>+u*V<V>+u;(sz>+Ai;<s>(shv,sz)wz(“(sl,v7sz>}

Our jointly calibrating model p* is built from 7 using a change of measure of Gibbs type: the Radon-Nikodym
derivative is the exponential of the value of a portfolio made of the available hedging instruments, normalized.
Note that the normalization factor can always be taken equal to 1 by adjusting the cash component of the
portfolio.” As a consequence we will always work with a normalized version of u* € U such that

(5.7) ER [ei (S1)+up (V)+us (82)+A 55 (51,V,82)+A7 7 (S1,V.82) | _

The initial, difficult problem (5.1) of minimizing H(u, i) over p in the constrained set P(u1, py, 12)
has been reduced to the simpler problem (5.4) of maximizing the strictly concave function ¥ over u in

the unconstrained set U. If it exists, the optimum u* simply cancels the gradient of Wj; the equations
00y  _ 0% _ 0% _ 0% W _(y 08
Oui(s1) = Ouv(v) = Ouz2(s2) ~ 9Ag(s1,v) ~ OAL(s1,v)

Vs1 > 0, ui(s1) = Py(s1;uy,u2, Ag,AL)

Yo >0, uy(v) = Py(viur,ug,Ag,Ap)

(5.8) Vsy > 0, us(s2) = Do(so;ur,uy,As,AL)
Vs > 0, Vv >0, 0 = Pag(s1,v;As(s1,v),AL(s1,v))
Vs >0, Vo >0, 0 Da, (81,03 A5(81,v), Ar(s1,0))

"Note that U is invariant by translation of ui, uy, and wug: for any constant ¢ € R, ¥(u1 + ¢, uy,u2,Ag,Ar) =
Us(ut,uy,u2, Ag,Ar) (and similarly with uy and ug2); ¢ corresponds to a cash position.

8Here for simplicity we assume that the distributions p1, uy, g, i are either discrete or continuous w.r.t. the Lebesgue
measure. For instance, u1(s1) denotes pq({s1}) if p1 is discrete, or the density at point s; if g1 is continuous.



THE JOINT S&P 500/VIX SMILE CALIBRATION PUZZLE SOLVED 9
where, imposing the normalization (5.7),

Qi (s1;uv,As,Ar) = Inpi(sy) —In /H(Shdv,d32)e“"(”H“?(”HA(SS)(Sl’vvsz)JrA(LL)(817%52))

/\/—\

Py (v;ur,As,Ar) = Inpy(v)—In / (ds1,v,dss) “1(31)+“2(S2)+A(ss)(317v782)+A(LL)(817v782))
Do (so;ur,uy, Ag,Ar) = Inps(sz) —In / (ds1,dv, s2)e “1(51)+“V(”)+A(ss)(317U752)+A(LL)(81,11782))
Da,(s1,v;5u2,d5,00) = /ﬂ(sl,v7d82)(82 —s1)e ua(s2)+0s (52— 51)+5L( (f) ”2)
D, (51,v;u9,05,0r) = /ﬂ(sl,v,dSQ) <L <Z) v2> u2(s2)+0s (52— 51)+5L( (sf) ”2).

Remark 7. Note that these are also the equations satisfied by the maximum of
() = B [ur (S1)] + BV [uy (V)] + E2up (Sa)] — B e (S (V) ua(Sa) AT (S1,V.52) +AL7 (81, V:5) |

where, compared to ¥ (u), the logarithm has been removed. One could directly get that D = sup,,c;, ¥z (u)
by using the set M of nonnegative measures instead of My in (5.2), and by computing the inner inf,c
in (5.3) by differentiating w.r.t. %£. This is for instance the route followed by [13, 14]. In any case, the jointly
calibrating model reads

(5.9) w(ds1,dv, dss) = fi(ds1, dv, dsz)e"” FDF ) (52)F A (51,0,92) +AL (51,0,02)
where u* = (uf, uj,, us, A5, A}) is solution to (5.8).

Remark 8. Note that we could have simply postulated a model of the form (5.9); then the five conditions
(3.3) translate into the five equations (5.8). The relative entropy argument explains how to naturally derive
this particular form for . The fact that the five equations (5.8) correspond to the five constraints (3.3) is not
surprising, as those equations correspond to canceling the gradient of the Lagrangian function with respect
to the Lagrange multipliers uy,uy, us, Ag, Ap,.

Sinkhorn’s algorithm [38] was first used in the context of computational optimal transport by Cuturi
[12]. Tt has recently been extended to computational martingale optimal transport by De March [13] and
applied to the problem of quickly building arbitrage-free smiles by De March and Henry-Labordeére [14].
(Alternative computational methods for martingale optimal transport problems are investigated in Guo and
Obt6j [23].) In our context, Sinkhorn’s algorithm is an exponentially fast fixed point method that iterates
computations of one-dimensional gradients to approximate the optimizer u*. Starting from an initial guess

u® = (u(lo), u%,o), uéo), Afgo), A(LO)), we recursively define u("*1) knowing u(™ by

Vs1 > 0, ugnﬂ)(sl) = <I>1(51,u§}l),ug” ,Ag”),Agn))
Yo >0, ug/nﬂ)(v) = Oy(v; ugnﬂ), gn),A(Sn),A(Ln))
Vso > 0, uénﬂ)(sQ) Dy (s0; ugnﬂ) (n+1),A(Sn)7A("))
Vs1 > 0, Vv >0, 0 = Pag(s1,v; u(2n+1)7Agn+1)(sl, ), A( (s1,v))
Vs1 >0, Yu >0, 0 = P, (s1,v; u(2"+1),A(Sn+1)(51, ), A( +1)(5 ,0))

until convergence. Note that each of the above five lines corresponds to a Bregman projection [9] in the

space of measures. That is, with obvious notations, pu[;ul""" u&}I ) (n),Agn),A(L”)] exactly satisfies the
first constraint S7 ~ u1 (but not the other constraints), [,u,u(l"H) $L+1),u§n), Ag"), A(L")] exactly satisfies
the second constraint V' ~ py (but not the other constraints), and so on. When the algorithm converges,
the limit p* = p[@; uy, uiy, us, A, A} satisfies all the constraints (3.3) at once.

If Sinkhorn’s algorithm diverges, then P; = 400, so Dy = 400, which means P (1, iy, pro) W € My |p <
f} = 0. In practice, when g has full support, this is a sign that there likely exists a joint SPX/VIX arbitrage,
which can then be identified by numerically solving the linear problem (4.1). We have never experienced this
situation in our numerical tests, which covered both low and high volatility regimes.
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6. IMPLEMENTATION DETAILS

A natural choice of a reference measure [i is one that satisfies all the constraints (3.3) except Sa ~ po, i.e.,
pick fi in the set P(u1, pyv) of all the probability distributions

(6.1) w(dsy,dv,dsg) = v(dsy,dv) T(s1,v, dsa)

where v is a coupling of p; and py and the transition kernel T'(s1,v, dss) satisfies

(6.2) /52 T(s1,v,dss) = s1, /L(SQ) T(s1,v,ds3) = L(s1) + v?
for pi-a.e. s1 > 0 and py-a.e. v > 0. For instance, we may choose

1
(6.3) V=1 Q uy, T(s1,v,ds2) is the distribution of s exp (U\EG — 2v27> ,
where G denotes a standard Gaussian random variable, i.e., under fi, S; and V' are independent, and given
S1 and V, Sy is lognormal with mean S; and annualized volatility V.2 Note that if we choose i as in (6.1)
and (6.3) then @1, @y, Pag, and Pa, under (5.8) can be replaced by

Py (s1;uv,u2, Ag, Ar) —In (/ “v(dv)T(shv,dsz)e“V(”)+"2(32)+A(SS)(Sl’v’SQHA(LL)(Sl’v&))

Oy (vyur, ug, Ag, Ar)

—1In (/ ﬂl(dsﬂT(shv,d82)e“1(31)+“2($2)+A(ss)(31’”’32)+A(LL)(31’U732)>
D (51,v;u2,05,0L) /T(sl,v, dsg)(s2 — sl)ew(sz)“‘g(srsl)HL (L(Z%)fv )

DA, (s1,0;u2,05,01) = /T(Sl,v,dSQ) (L <82> B ’U2) eu2(82)+5s(sz—s1)+5L (L(Z—f)_ﬁ)'

S1

Practically, we consider vanilla payoffs u;, uy, and us that are linear combinations of finitely many call
options, together with one position in the bond, one position in 57, and one position in the VIX future. That
is, we consider market strikes K := (K1, Ky, K2) and market prices (Ck,C),C%) of vanilla options on S,
V', and S5 respectively, and we build the model

pi(dsy, dv, dsa) = p(dsy, dv, dsz)

€C*+A%*51+AQ/*”+ZK6)C1 a}:(sl_K)‘*'J'_zKe)Cv a%*(q;—K)_'_-&-zKeKz a%(*(sZ_K)Jr-FA*S(S)(Sl,U752)+A2(L)(817”152)

where 0% := (c*, A%, AV, al*, aV*, a?*, A%, A}) maximizes

Uy (0) i=c+ASo+ AVFy + Y apCie+ > axgCir+ Y a%Chk
Kek, KeKy Keks
_ER [ec+A%sl+A°vV+zKe,c1 i ($1-K) 4+ X kery, @i (V=K1 + 5 ke, ai(SQ—K>++A<SS><sl,v,sz>+A<L“(shv’sf»}

over the set © of portfolios 6 := (¢, A%, AY,at,aV, a2, Ag, Ap) such that ¢, A4, A), € R, o' € RF1, oV € RV,
a? € R and Ag, AL : Ryg x R>g — R are bounded measurable functions of (si,v). This corresponds to
solving the entropy minimization problem

D-xv:= inf H 1) = U 0) =: P
K= k) (1, 1) beo pc(0) ik

where P(K) denotes the set of probability measures 1 on Ry X R>g X Ry such that
E*[Si] = So, EM[V]=Fy, VK €Ky, B[S, —K){]=Ck, VK €Ky, B'[(V-K),]=CF,

(6.4) VK € K, BP[(Sy— K)y] = CZ, EF[S|S1,V] = S, EF {L (?)
1

Sl,v} =V2

9Note that with this choice of i, the denominator in (5.6) is infinite since, conditionally on (S1, V), S2 is lognormal. Despite
this lack of integrability, our numerical experiments ran well. Choices of i guaranteeing integrability include for instance
Gaussian distributions conditioned to be positive for S1 and V, as well as for S given (S1,V).
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One can directly check that the model uj is a consistent arbitrage-free model that jointly calibrates the
prices of SPX futures, SPX options, VIX futures, and VIX options. Indeed, if ¥ x reaches its maximum at

. . oY, .
0", then 0" is solution to ~55=(0) =0, i.e.,

Poroos w[dE] -
(6.5) 3;%: =0: E~ :(51 - K)+d£i<] =CL

\TJ— T *
0 nE—0:. EF (V—K)ﬂ’“"ﬂ = Ck
Oay,

@7 T *
Mok _o. (s, — k), HE| — 2,
Oaj;

005k i dpk
A — I _ _ _ - -
Dhgsre) — 0 B[S - ST Si=s,V=v] =0, Y51 20,0>0
8\ilﬂ’(: T 52 5 d,u/}*C
= : EH* Ll=) - “HKC _ _ _ . .
DBr(s1,0) ( <51> VE) |V = =00 Ve 20w >0

The first equation states that uj is a probability measure, while the next seven equations state that it satisfies
the seven constraints (6.4), so pux € P(K). This is not surprising: in Lagrangian relaxation, canceling the
gradient of the Lagrangian function with respect to the Lagrange multipliers is equivalent to enforcing the
constraints.

The corresponding Sinkhorn iterations read

ot @C(Ag’(”),A?)(”),al’(”),av’("),az’(”),Ag”),A(L”))
So = Do (DAY AGM gL qVim q200 ALY AL
P, = (DA(‘]/(C(nJrl)’Agv(”'f‘l)’A?/z(”'i‘l)’al,(n)’aV,(n),aQ,(n)7Ag"),Agb))
VK, €K1, Ok, = (KD AGUHD AGOFD ghimd) gV g2 AT AT)
VK, € Ky,  CF, = Oy(K;cmtD AZD ARIHD gLt Viind) g2 A Alm)
VK, € Koy C% = ®p(K; "D ALCHD A D g1 (n ) [ Vilnt) 12,000 AT Al
Vs1>0,Vo>0, 0 = ®ag(s1,0;a>D AT (51, 0), AT (51,0))
Vs > 0, Vv >0, 0 = @AL(sl,11;a2’(”+1),A(Sn+1)(31,v),A(L"+1)(31,U))

where, for ¢ € {1,V, 2},

g,(n,i) ._ (& (n+1) &,(n+1) _e,(n) &,(n)
a = (aK1 see e Qp AR AR
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with
D.(AY AV 0t aY e As, AL) = —ln/ﬂ(d51,dv,d52) e
0 A0 1 V 2 . =
CIDAg(c, Ag, AV, a 0" 0%, Ag, Ap) = a(dsy,dv,dss) s1eq

@A("/(Ca A%aA?/aalaavva27AS,AL) = ﬂ(dsl,dv,dSQ)veg

li
\\\\\\

O1(K;e, A% AY alaY a? Ag, AL) f(dsy,dv,dss) (s1 — K)yeq

Oy (K;ce, A% AY al a a? Ag, AL) i(dsy, dv, dss) (v — K) 4 eq

Oo(K; ¢, A%, AY al a a? Ag, AL) = f(dsy,dv,dss) (s2 — K)yeq

)ezke}cz U.%((SQ—K)++(;S(52—31)+5L (L(%)—’Uz)

.2 o m
@AS(Sh’U,a 765751/) = l‘L S1,7, d52 82 — 81

(DAL (51,1); CLQ, 6575L)

Il
=
@
=
<

QU

)

L)
S~—
/7~
h
7N
)
=

1) ) B ko104 ) )

where ey is a shorthand notation for

S L
eg = 60+A%51+A(€/U+ngn1 a}((sl_K)++ZKe)cv aX(U—K)++ZK€K2 a%{(52_K)++AEg )(317U»S2)+A(L )(311%52)

and e, © is the same expression without the ¢ term.

We use 8(9) = 0 as the starting point of the Sinkhorn algorithm, and we numerically checked that the
result does not depend on the initial guess, which is in line with [14, Theorem 4.5]. The above integrals
are estimated using Gaussian quadrature; we use Gauss-Legendre quadrature when we integrate over s; and
v, and Gauss-Hermite quadrature when we integrate over so. While the expression for ¢("*1) is explicit,
computing the other parameters requires using a one-dimensional root solver; we use Newton’s algorithm.
As an exception, for each point s; and v in the quadrature grid, (A(S"H)( v), A("+1)(5 ,v)) are actually
jointly computed using the Levenberg-Marquardt algorithm. Numerical convergence is typically reached after
about a hundred iterations (a few minutes using Python code on a standard personal computer—Intel(R)
Core(TM) i7-6700 CPU @ 3.40 GHz processor and 16GB of RAM), which provides a very accurate estimate
of 6%, hence pj-.

If the Sinkhorn algorithm diverges, then Py x = +00, so Dy x = 400, which means that P(K) N {u €
M;i|pn < i} = 0. In practice, when fi has full support, this is a sign that there likely exists a joint SPX/VIX
arbitrage based only on . In such a case, a joint SPX/VIX arbitrage portfolio can be identified by numerically
solving the linear problem (whose value is then —oo)

1nf{C+AOSO+AOFV+ Z aKCK+ Z aKCK+ Z aKCK}

Kek, KeKy KeKo
where ©g is the set of portfolios 6 = (¢, A%, AQ,,a a,a? As, Ar) superreplicating zero, i.e., such that
c+AGs1+AY v+ Z aj(s1—K)4+ Z ay(v—K)4+ Z a¥ (s2 — —|—A( )(31,0,52)+A(LL)(81,U,SQ) > 0.
Kek, KeKy Keko

Remark 9. For the sake of clarity we have so far assumed zero rates, repo, and dividends. Of course in
practice, we use the market values F; and F5 of the SPX futures maturing at 77 and T5. The first and last
two conditions in (6.4) then read

BAS)) = Fy,  EF[S|S1,V] = F125,,  E* [L( 52 )
F1951

where Fig := F»/Fy, and the Ck are understood as undiscounted call prices.

sl,V} =V2,

Remark 10. One practical issue is that there are no listed SPX options maturing at 77. Indeed, T is the
Wednesday that is exactly 30 days before the third Friday of the following month m+1, therefore the monthly
SPX options maturity 7] of month m is either two days after or five days before T;. The rigorous treatment
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of this annoying fact requires that we introduce a fourth random variable S} representing the value of the
SPX index at time T7. If T} is two days after Ty, we consider the primal portfolios

s
u1(sh) + uv (v) + ua(s2) + As(s1,v)(s] — s1) + Ay(s1,v,87)(s2 — s1) + AL (s1,v) (L (;) _ 112)
1
and the corresponding dual risk-neutral probability measures P’(u1, pv, po) on Reg x R>¢ x R% such that
So

VNMVa Si ~ 1, SQ ~ 2, E# [S“SMV] :Sla E# [S2|Sla‘/aSj/L] = 17 E# |:L (S)
1

Sl,V] =V?

where (S1,V, S, S2) denotes the identity on Rsg x Rsg x R2 . If 77 is five days before T, the primal
portfolios are

S
u1(sh) +uy (v) + ua(s2) + A(s))(s1 — s1) + As(s], s1,v)(s2 — s1) + AL(s], 51,v) (L (;) - UQ)
1
and the corresponding dual risk-neutral probability measures satisfy

Sl Vepy, Somop, EF[SIS] =S| BF[S:[S].50,V] =S, B Hg)
1

s;,sl,v} e

This adds one dimension to the Gaussian quadratures and slows the Sinkhorn algorithm. Instead, we assume
that SPX options mature exactly at 77 and we define the SPX smile at 77 by interpolating the total implied
variance in maturity.

7. NUMERICAL EXPERIMENTS

Let us first test our algorithm on SPX and VIX market data as of August 1, 2018. We first build the
model px when 77 = 21 days, the closest monthly VIX future maturity—usually the maturity for which
joint calibration is most difficult. Figure 9.1 compares the model and market smiles of S1, V', and S5. The
fit is remarkably accurate. Figure 9.1 also shows that the model is arbitrage-free: the martingale condition
[EH [S3]S1, V] = F125; and the consistency condition E# [L(S2/(F1251))|S1, V] = V? are perfectly satisfied.

Figure 9.2 explores some properties of the model u}.. We plot the joint distribution of (S1, V') under uj.,
as well as the local VIX function VIX),.(s1), which we define as

VIXD (S1) := EFx [V2]S4].

loc

The local VIX has the usual pattern of local volatility, decreasing except for large s;. We also plot the
conditional distribution of Sy given (s1,v) under ui for different values of (s1,v).'® This shows that for s;
close to the money the conditional distribution has negative skewness, i.e., a fat tail to the left, whereas for
large values of s; it has positive skewness, i.e., a fat tail to the right. For small values of sq, it is close to the
lognormal distribution T'(s1,v,dss) in (6.1) for small v, but diverges from it for large v. We also graph the
distribution of the normalized return

In 22 1
N F1251 -
Ri= + VT

under p%. This return is exactly Gaussian under fi, but has negative skewness under px-. Finally we also plot

F1251

starting smile is mostly V-shaped, with a minimum lying slightly out of the money. This is consistent with
how the skewness of Sy given s; depends on s;. The model could also be used to price payoffs mixing SPX
and VIX values, such as a “VIX Sharped Forward Starting SPX Call” (So/S; — K)1/V, a “VIX Sharped
Forward Starting SPX Forward” (S2/S1)/V, the normalized return R, or options on them. Most importantly,
our jointly calibrating model pk- looks very “standard”; it shows no extreme or pathological feature. The SPX
and VIX smiles can be jointly calibrated with a model that looks familiar and reasonable.

In Figure 9.3 we report the optimal payoffs uj(s1) = Y i, aff (51— K) 4, uj (v) = Y KeKky a¥*(v—K)y,
and u3(s2) = e, a3 (52 — K) 4, as well as the optimal deltas A%(s1,v) and A} (s1,v). Note that u} and
us look like (smoothed) call options, and the surfaces A% and A} have a similar shape.

the smile of implied volatilities of forward starting call options ( 52 K ) in the model p¥.. The forward
+

10The piecewise continuous shapes of the distributions are the result of working with portfolios made of finitely many call
options.
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Figures 9.4, 9.5 and 9.6 are the analogous of Figures 9.1, 9.2 and 9.3 for 77 = 49 days, the second closest
monthly VIX future maturity. Figures 9.7, 9.8 and 9.9 correspond to the calibration results (for 77 = 23
days) as of December 24, 2018, when the VIX reached a high value of 36.07% after a 10-day period where
the SPX index fell 11.3%. These figures show that our algorithm works equally well in a high volatility
environment. Note that the payoffs u}, uj,, u5 as well as the surfaces Af and A} have a similar shape for
the two calibration dates reported here (low and high volatility regimes).

8. EXTENSION TO THE MULTI-MATURITY CASE

So far we have considered only two maturities 77 and T = T7 4+ 30 days. In this section we explain how
to extend the model to include more market maturities.

To that end, for simplicity, we ignore the SPX/VIX maturity issue raised in Remark 10: we assume that
monthly SPX options and VIX futures maturities 7T; perfectly coincide and, for two consecutive months,
are separated by exactly 30 days, T;41 —T; = 7 for all ¢ > 1. Assume that for each month i we are able
to build a jointly calibrating model v; following the algorithm described in Section 6; here v; denotes the
joint distribution of (S;,V;, Si+1) where S; and V; denote the SPX and VIX values at T;. Then we can
build a calibrated model on (S;,V;);>1 as follows: (Si,V1,S2) ~ v4; recursively we define the distribution
of (Viy1,Si42) given (S1, Vi, S92, Va,...,5;, Vi, S;+1) as the conditional distribution of (V;y1,S;12) given S;1+1
under v; 1. It is easy to check that the resulting model v is arbitrage-free, consistent, and calibrated to all
the SPX and VIX monthly market smiles ug, and py,: for all ¢ > 1,

S
Si~psy, Vivpy,  EY[Sina|(S5, Vihi<j<il = Si B {L ( Sfl) ‘(Sﬁ‘/j)lﬁjii] = V2

Unfortunately one cannot rigorously deal with the exact monthly maturities of SPX options and VIX
options by solving a sequence of independent monthly joint calibration problems and then gluing the solutions
together as above, because of the possible overlap of [T3, T} ;] and [Tj11, T}, ,] (using the notations of Remark
10). For instance, if To < T3, then the influence of V, on S} cannot be captured by the first-month model,
whose variables do not include V5. The rigorous treatment requires that our methodology be directly applied

to the full vector (V;,S;, S})i>1, which is doable in principle but impractical.

9. CONCLUSION

In this article we have for the first time built an arbitrage-free model that is perfectly consistent with
market data on SPX futures, SPX options, VIX futures, and VIX options. As a consequence, we have proved
that the market is free of joint SPX/VIX arbitrage. If joint arbitrages were to appear, our algorithm would
detect and identify them.

Our model is nonparametric, providing full flexibility to perfectly calibrate the market smiles, and is
formulated in discrete time, so as to easily decouple the ATM SPX skew and the ATM VIX implied volatility.
It is specified by a joint probability distribution of the SPX at 77, the VIX at T3, and the SPX at T, = T3
+ 30 days, which is described in a nonparametric way by its Radon-Nikodym derivative w.r.t. a reference
measure. The Radon-Nikodym derivative, which has a Gibbs structure, is itself expressed in terms of a
portfolio made of the available hedging instruments: SPX futures and options, VIX futures and options,
and dynamic trading in the SPX and the forward-starting log-contract. This portfolio, which maximizes
a concave functional, is numerically computed using an extension of the Sinkhorn algorithm. The model
satisfies the martingality constraint on the SPX as well as the consistency condition that the VIX at 77 is
the implied volatility of the 30-day log-contract on the SPX. It can in principle be extended to include all
available market maturities.

Our numerical tests prove the efficiency of the algorithm in various volatility regimes. Our jointly cali-
brating model has familiar features and does not look weird or pathological in any way. Whether there exists
a continuous-time model consistent with our three-dimensional probability measure, and how our model de-
pends on the reference measure, are natural questions which are important for practical risk management
purposes, and that we leave for further research.
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(L(S3/S1) —V?)/V? (right) given (S1,V) = (s1,v) as a function of (s1,v) in the quadrature
grid. Calibration as of August 1, 2018; 77 = 21 days
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FIGURE 9.2. Some properties of the calibrated model model pi. Top: joint distribution
of (S1,V) and local VIX function VIXj..(s1). Middle: conditional distribution of Sy given
(s1,v) for different vales of (s1,v): s1 € {2571,2808,3000}, v € {10.10, 15.30, 23.20, 35.72} %,
and distribution of the normalized return R. Bottom: smile of forward starting call options
(S2/S1 — K)4. Calibration as of August 1, 2018; T = 21 days



THE JOINT S&P 500/VIX SMILE CALIBRATION PUZZLE SOLVED 18
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grid. Calibration as of August 1, 2018; 77 = 21 days
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Joint density of (51, V), calib as of August 1, 2018, T1 = 49 days
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Joint density of (S1, V), calib as of Dec 24, 2018, T1 = 23 days

1ou

0.014

0.012

0.010

0.008

0.006

0.004

0.002

1800 2000 2200 2400 2600 2800

00BDistribution of Sy given (S1, V), calib as of Dec 24, 2018, T; =23 days

0.007
0.006
0.005
0.004
0.003
0.002
0.001
0.000 *

1500 1750 2000 2250 2500 2750 3000 3250

Implled volatility of 5 K

Local VIX, calibration as of December 24, 2018, T; = 23 days

32
31
30
29
28
27

26

25
1600 1800 2000 2200 2400 2600 2800

6 Distribution o

=23 days

0.5

0.4

0.3

0.2

0.1

0.0
-4 =3 -2 -1 0 1 2

w
IS

, calib as of Dec 24, 2018, T; = 23 days

FIGURE 9.8. Some properties of the calibrated model model pi. Top: joint distribution

of (S1,V) and local VIX function VIXje.(s1).

Middle: conditional distribution of S5 given

(s1,v) for different vales of (s1,v): s1 € {1892,2398,2807}, v € {10.20,20.02, 34.98}%, and

distribution of the normalized return R. Bottom:

(S2/81 — K)+

smile of forward starting call options

. Calibration as of December 24, 2018; 77 = 23 days

23



THE JOINT S&P 500/VIX SMILE CALIBRATION PUZZLE SOLVED

Function ui(s1) as of Dec 24, 2018, T1 =23 days

24

Function uy(v) as of Dec 24, 2018, T1 =23 days

0
1900 2000 2100 2200 2300 2400 2500 2600 2700

-1.6,
10 20 70

Function uz(s;) as of Dec 24, 2018, T1 = 23 days

-2
1800 2000 2200

ember 24, 2018, T1 =23 days

w)

Function As(s1, v) as 0§1 ec

gregsss
g Iy
grprres

N\
SUNTN

=

2400 2600 2800

Function A;(s1,Vv) as 0[1_[le\cember 24, 2018, T1 = 23 days

NN

NN
NN <X

NN

N

/~\

N
o

FIGURE 9.9. Description of the calibrated model model . Top: optimal functions uj, uj,
and uj. Bottom: optimal functions A% (sq1,v) and Aj(s1,v) for (s1,v) in the quadrature
grid. Calibration as of December 24, 2018; 77 = 23 days



THE JOINT S&P 500/VIX SMILE CALIBRATION PUZZLE SOLVED 25

10. APPENDIX: FUNCTIONALLY GENERATED PORTFOLIOS SUPERREPLICATING ZERO

In this appendix, in the spirit of [24, Section 6], we introduce a new family of portfolios that superrepli-
cate zero. Their main merits are their simple functional form and that their superreplication property is
guaranteed by construction for all values of the underlyings—in contrast to numerical solutions to the linear
programming problems. When a portfolio in this family has a negative price, it reveals the existence of an
(51,52, V)-arbitrage. However, there might exist an (S, 53, V)-arbitrage even if all portfolios in the family
have nonnegative prices.

Our portfolios are based on convex payoffs of both the SPX and its logarithm. Let us consider a convex
function ¢ : Ryg x R = R. For u; : Ryg = RU {400} and v > 0, we denote by

uf(v) = Ssu>po {—cp(shL(sl) +0?%) — ul(sl)}

the op-transform of g, i.e., the smallest function uy : R>g — RU {400} such that for all s; > 0 and v > 0,
w1 (s1) +uy (v) + p(s1, L(s1) + v?) > 0. Similarly, for uy : R>g — RU {+oc} and s; > 0, we denote by

ui(s1) = ili% {—¢(s1,L(s1) +v*) —uy(v)}

the @-transform of uy, i.e., the smallest function uy : Rsg — R U {400} such that for all s; > 0 and v > 0,

ui(s1) + uy (v) + @(s1, L(s1) + v?) > 0. We denote uf? := (uf)¥ and u{’ := (uf,)?. The pair (u{*, uf) is

called a pair of ¢-conjugate functions. It is easy to check that (u{*)? = uf, (u{”)? = uf, u{¥ < us, and

ul¥ < uy, see for instance [41, Exercise 2.35]. Moreover, we denote by 9; ¢ the right derivative of ¢ with
respect to its i-th argument.

Proposition 11. Let ¢ : Ryg x R — R be convex. Let
uz,p(s2) = (52, L(s2)),  Asp(s1,0) = =01r0(s1, L(s1) +0°),  Apg(s1,v) = =0ar0(s1, L(s1) + 0?).
Then
(i) For any uy : Rsg — R the following portfolios superreplicate zero:
Htlp,ul = (u17 uf? U205 AS,QDv AL#P)a ﬁ«}o,ul = (ufwv uf? U2,p5 AS,Q&H AL#P)'
(ii) For any uy : R>g — R the following portfolios superreplicate zero:
Hg,uv = (u%}a Uy, U2, AS,«/N AL,Q&)) ﬁg,uv = (U'\L‘;a u‘t,itp7 U2, p, AS,@) AL,LP)'

Proof. Since ¢ is convex,

@(s2, L(s2)) — @(s1, L(s1) + v*)
> 01 ,rp(s1, L(s1) +v*) (82 — s1) + Do,0(s1, L(s1) + v*)(L(s2) — L(s1) — v°)
and as a consequence,
Ug,,(52) + Ag,p(s1,0)(s2 — 51) + AL »(51,0) (L (ji) _ 92>

= @(s2, L(s2)) — O1rp(s1, L(51) + v°)(s2 — s1) — D2,00(s1, L(s1) + v*)(L(s2) — L(s1) — v?)

> (s, L(s1) + 'U2).
Therefore

52

) + g (52) + 0 (0) + Aspo1.0)(52 = 30 + B plor,o) (£ (2) = 02)

S1

> wi(s1) + uf (v) + (s, Lis1) +0%) > 0
(by the definition of u{(v)) and

(51 g s2)  a0) + g1, = o1) + Aron0) (£(2) = 0?)

S1
> uf(s1) +uv (v) + (51, L(s1) +v%) 2 0
(by the definition of u{,(s1)). This proves the first parts of (i) and (ii). Applying them with u; = u, and
uy = uf gives the second parts of (ii) and (i), respectively. O
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Corollary 12. Let o : Rog x R — R be a convex function such that ¢(Sa, L(S2)) € L (uz).

(i) Let u; : Reg — R such that uy € L'(uy) and uf € L'(py). If Eui(S1)] + EV[uf (V)] +
E?[@(S2, L(S2))] < 0 then the portfolio T, ,, is an (S1, Sz, V)-arbitrage.

(ii) Let u; : Ryg — R such that uf¥ € L' (u1) and v € Lt (uy). If EYuf?(S1)] + EV[uf (V)] +
E2[¢(Sa, L(S2))] < 0 then the portfolio I:Ii,,u1 is an (S1, Se, V)-arbitrage.

(iii) Let uy : Rsg — R such that uf, € L'(w) and uy € L'(py). If E'uf(S1)] + EV[uv (V)] +
E2[p(S2, L(S2))] < 0 then the portfolio Hg}uv is an (Sy, Se, V)-arbitrage.

(iv) Let uy : Rsg — R such that uf; € L'(u1) and u? € L'(py). If B uf(S1)] + EV [uf? (V)] +
E2[p(Sa, L(S2))] < 0 then the portfolio 11V, is an (S1, s, V)-arbitrage.

Y, uy

From (4.1), in order to identify an (S, Sa, V)-arbitrage, one should optimize over the set of constrained
functions (uq,ug, uy, Ag, Ay) € Up. Corollary 12 tells us that it might be enough to simply optimize over the
set of unconstrained functions (¢, u1) or (¢, uy ), where p : Ryg x R — R is convex. Since testing all convex
functions in dimension two is impractical [33], one may only test functions ¢ of the form ¢(x,y) = ¥ (az +y)
where ¢ is a convex function in dimension one and a € R.

In dual form, this means that in order to identify an (51, Se, V')-arbitrage, instead of solving a dispersion-
constrained martingale optimal transport problem with two dates (7} and T») and three underlyings (57 and
V at date T1, and Ss at date Ty), it might be enough to solve a family (indexed by the convex functions ¢)
of much simpler transport problems, namely, classical unconstrained optimal transport problems with only
one date (77) and two underlyings (S; and V). Indeed, for each convex function ¢ : Ryg x R — R, let us
define

Uy = {(u1,uy) € L' () x L' (py) | Vs1 > 0,Y0 > 0, ug(s1) +uy (v) = —@(s1, L(s1) + v*)},

the set of vanilla payoffs on S; and V whose sum superreplicates the payoff —(S1, L(S1) + V?2). Then by
the classical Kantorovich duality we have

Proposition 13. Let ¢ : Ryg X R = R be convex. Then

Pé = inf {E'ui(S1)] + EV[UV(V)]} = sup EY[—p(S,L(S1) + VQ)} =: D}P.
(ul,uv)elxlgp VET (1, p1v)

If D}, < —E?[@(Ss, L(S2)], then there exists an (S, S, V)-arbitrage.
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