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Abstract

‘We combine the one-dimensional Monte Carlo simulation and the semi-
analytical one-dimensional heat potential method to design an efficient
technique for pricing barrier options on assets with correlated stochastic
volatility. Our approach to barrier options valuation utilizes two loops.
First we run the outer loop by generating volatility paths via the Monte
Carlo method. Second, we condition the price dynamics on a given volatil-
ity path and apply the method of heat potentials to solve the conditional
problem in closed-form in the inner loop. We illustrate the accuracy and
efficacy of our semi-analytical approach by comparing it with the two-
dimensional Monte Carlo simulation and a hybrid method, which com-
bines the finite-difference technique for the inner loop and the Monte Carlo
simulation for the outer loop. We apply our method for computation of
state probabilities (Green function), survival probabilities, and values of
call options with barriers. Our approach provides better accuracy and is
orders of magnitude faster than the existing methods. s a by-product of
our analysis, we generalize Willard’s (1997) conditioning formula for val-
uation of path-independent options to path-dependent options and derive
a novel expression for the joint probability density for the value of drifted
Brownian motion and its running minimum.
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1 Introduction

By expressing prices of European calls and puts in terms of the price of the
underlying asset and its volatility, Black and Scholes | (1973)) and [Merton | (1973)
started the quantitative finance revolution. Their formula, which is known as
the Black-Scholes-Merton formula, is based on two assumptions: (a) the risky
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price dynamics can be delta-hedged so that options can be valued using the
risk-neutral measure under which the underlying grows at the risk-neutral rate;
(b) price evolution is driven by a geometric Brownian motion of the form:

dS,

== prdt + odW;, Sy =s, (1)

St
where W; is a Brownian motion, r and o are constant risk-neutral interest rate
and volatility of returns, respectively. Thus, at time T, the price Sy has the
log-normal distribution:

ST _ €(T7%J2)T+UWTSO, (2)

Under these assumptions, it is very easy to derive the price of, say, a call option
with maturity 7" and strike K, with payoff of the form (St — K):
CPB3%(0,80,T,K;r,0) = SoM(dy) — e "TKN(d_),
4o — —In(K/S0)+1T+0T/2 (3)
+ = T 5

where D(x) is the cdf for the standard (0, 1) normal random variable. |Lipton
(2002)) showed that in many situations it is more convenient to write CP> as a
Fourier integral:

CBS(Oa 507 Ta Ka T, U)
00 (ixH1/2)(n(K/S)—rT) = (x*+1/4)o>T/2 4
= So (1 — % f dX) . ( )

(x2+1/4)
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However, it became clear in a few years that the Black-Scholes formula,
taken literally, is not as helpful as initially thought since it could not reproduce
option market prices by using constant volatility for pricing options with differ-
ent strikes and maturities. The volatility skew (or smile) effect (i.e., the need to
use different volatilities to reproduce market prices of European calls and puts
with different strikes and maturities) is observed in all markets. Therefore, it
is of great interest to practitioners and academics alike. Over the thirty years,
many models were developed to describe the smile effect.

Eventually, two approaches emerged - a reduced approach replacing the con-
stant volatility, central to the Black-Scholes approach, by the maturity- and
strike-dependent implied volatility, used to match the corresponding market
prices. Specifically, instead of a constant ¢ for all T, K in Eq. , a function
o (T, K) is used. The corresponding call price has the form

C(Oan))T7K):CBS(O7SO7T7K;T7O(T7K))‘ (5)

While useful in some situations, this approach is conceptually fairly limited,
since it does not explain why volatility is not constant. Hence, a structural
approach replacing the geometric Brownian motion with a different, but still
risk-neutral, driver for the underlying was quickly developed. For instance,



Derman and Kani | (1994), [Dupire | (1994)), and Rubinstein | (1994) simultane-
ously and independently developed the local volatility model. Merton | (1976)),
|[Andersen and Andreasen | (2000)), [Lewis | (2001) and many others developed
jump-diffusion models. Stochastic volatility models were developed by [Hull and
White | (1987), Scott | (1987), |Wiggins | (1987), |Stein and Stein | (1991), [Heston,
(1993), [Lewis | (2000), Bergomi | (2015)), and others. Various combinations of
the above were proposed, for example by [Dupire | (1996)), Jex et al. | (1999),
[Hagan et al. | (2002)), Lipton | (2002), which culminated in Lipton’s universal
volatility model; see Lipton | (2002). The above-mentioned models are compared
and contrasted in [Lipton | .

LLipton and McGhee | (2002) explained that the actual worth of a structural
model is not in its ability to price vanilla options, which all structural models
worth their salt can do well, but in producing consistent prices for both vanillas
and first-generation exotics. Despite more than thirty years of strenuous efforts,
finding a proper theoretical framework and implementing it in practice remains
a significant challenge.

Pricing of exotic options in the presence of a smile is usually difficult and
seldom can be done analytically. Asymptotic methods developed by [Hull and|
[White | (1987), Hagan et al. | (2002), [Lipton | (1997)), [Lipton | (2001), among
others, proved to be very useful for solving the corresponding pricing problems.
Numerical methods, such as the Monte Carlo simulation (MCS) and the finite
difference method (FDM), are equally useful; see Glasserman | (2004)), |Achdou|
land Pironneau | (2005). Adding new methods to the classical ones is definitely
worth the effort. One can reduce many problems we wish to solve to the initial-
boundary value problems (IBVPs) for one-dimensional parabolic partial differ-
ential equations (PDEs) with moving boundaries and (or) time-dependent coef-
ficients. Such problems appear naturally in various areas of science and technol-
ogy. Finding their semi-analytical solutions requires using sophisticated tools,
such as the method of heat potentials (MHP) and a complementary method of
generalized integral transforms (MGIT). Such methods were actively developed
by the Russian mathematical school in the 20th century; see Kartashov | (2001)
and references therein.

In the context of mathematical finance, A. Lipton and his coauthors actively
utilized the MHP; see Lipton | (2001)), [Lipton et al. |(2019)) Lipton and Kaushan-|
and references therein. In addition, A. Itkin and his coauthors used
the MGIT to price barrier and American options in the semi-closed form; see,
e.g., Carr et al. | (2020), Itkin and Muravey | (2021), |Carr et al. | (2022)), [Itkin|
land Muravey | (2022). In principle, the MHP and MGIT can be generalized and
used for any linear differential operator with time-independent coefficients.

The MHP and MGIT boil down to solving linear Volterra equations of the
second kind and representing option prices as one-dimensional integrals.
described the MHP and MGIT in the recent comprehensive book
and showed that they are much more efficient and provide better accuracy and
stability than the existing methods, such as the backward and forward FDM or
MCS.

This paper revisits the classical problem of pricing barrier options on assets




with stochastic volatility. We show that by using the concept of conditional
independence, we can reduce it to solving an initial-boundary value problem
with time-dependent coefficients and subsequent averaging over the space of
variance trajectories. Based on this observation, we develop an efficient method
that combines the MHP and MCS and provides a fast and accurate solution to
the problem at hand. Our method is very general and can handle all known
stochastic volatility models, as well as models with rough volatilityﬂ

The paper is organized as follows. In Section[2] we introduce generic stochas-
tic volatility models and describe the splitting method, which allows one to study
the dynamics of the log-price X; = In(S;/Sp), as a conditionally-independent
one-dimensional processes. We specialize these equations for the Heston and
Stein-Stein models. We also present the exact Lewis-Lipton and conditional
Willard formulas for vanilla options, such as European calls and puts on assets
with stochastic volatility and compare the corresponding prices. In Section [3]
we introduce barrier options on assets with stochastic volatility, which are the
main object of our study. We derive a conditional valuation formula for such
options, which generalizes the Willard formula for vanilla options. In Section
we describe a hybrid method for pricing barrier options, which relies on the con-
ditional independence decomposition. The method consists of the outer Monte
Carlo loop and the inner loop, which requires solving the advection-diffusion
problem for the drifted Brownian motion with time-dependent coefficients on a
semi-axis. We solve the latter problem via two complementary methods: the
FDM and the MHP. Results produced by both methods are in perfect agree-
ment. However, as expected, the second method is orders of magnitude faster
than the first one. In Section [} we use the MHP to solve an old problem in
probability theory and show how to find the joint probability density for the
value of drifted Brownian motion and its running minimum via the MHP. We
draw our conclusions in Section [6

2 Stochastic volatility models

2.1 Conditionally independent dynamics

We consider the joint evolution of the asset price, S;, and its stochastic variance,
V4, as follows:

ds—%zrdtJr\/Vt(detJm/l—p%Wt), So = s, ©)
AV, = ® (V,) dt + U (V;)dB,, Vo =,

where B; and W; are independent Brownian motions. Given that Eqs @ are
scale invariant with respect to S, we can write them in terms of X; = In (S;/Sp)
and V;:

AX, = (r= Vi) di + Vi (pdB + VT=2dW,) . Xo=0,
AV, = & (V) dt + U (V,)dB;, Vo=,

IWe intend to cover the latter topic in a separate publication.



Alternatively, we can study the joint evolution of the price S; and its volatility
O¢:
dS—S: =rdt + o (det ++/1 - deWt) , Sp=s, (8)
dUt:¢(Ut)dt+1/J(Ut)dBt, gg = 0.
Given that Eqgs are scale invariant with respect to S;, we can write them in
terms of X; = In(S;/So) and o4:

aX, = (r - So?) dt + o, (pdB, + T— 2aW;),  Xo =0,
doy = ¢ (o) dt + 1) (0¢)dB;, o0¢ =0,
which is often more convenient. From now on, we shall concentrate of studying
the dynamics of Xj;.
In the general case, we can write dB; in the form
dVy — @ (V) dt
V)
and obtain the following conditionally-independent dynamics for the log-price
th

v, oJTi® (Vi) pVidV
dXy=|r— - ———=|dt+ ——— + V1 -2y VidW,, Xo=0.
() e By VA 0(0)
11

(9)

dB; = (10)

Similarly, we can write dB; in the form

doy *éf’(gt)

4B = V(o)

(12)

and get the following dynamics for X;:

1 PG¢(0t)> poidoy
dX, = (r—=c? -5 ) de + + /1 —p20dW;, Xo=0. (13
t < 2 t I/J(O't) ’(/}(Ut) POt t 0 ( )

Assuming that the variance or volatility paths are given, Eqs , describe
drifted arithmetic Brownian motion with time-dependent drift and volatility.
For the well-known Heston model, Heston | (1993), we have
(V) =r(0-V), U(V)=eVvV,
dVy = k(0 — Vi) dt + e/V,dBy,

so that Eq. has the form

1
dX; = (r_p“e_(—p“> Vt) dt+§th+\/1—p2\/thWt. (15)

e 2 €

(14)

Thus, X; is the so-called drifted Brownian motion driven by the stochastic
differential equation of the form

dX; = p(t)dt + v (t) dWr,
p(0) = (r= 22— (3 - &) Vi) + 24, (16)

v(t) =+/1-p2/V,.



For the Stein-Stein model, [Stein and Stein | (1991)), we have

¢ (04) :a(é—at), b (00) = 2,
doy = (@) - at) dt + 2dB,,

so that Eq. becomes

Aé 1 N
dX,; = (r — P/g op — ( — é:) af) dt + gatht +V1—p20dW,.  (18)
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Traditionally, the Heston model is viewed as better describing the market
than the Stein-Stein model since the latter does allow for zero variance. In our
opinion, this is not a particularly important issue, outweighed by many advan-
tages of the Stein-Stein model, such as a very straightforward way of simulating
the evolution of the volatility path. The Heston model gained popularity due
to the simple fact that it is exactly solvable for vanilla options. The explicit
solution can be calculated via the original Heston | (1993) formula. However, the
Lewis-Lipton formula is much more efficient; see Lewis | (2000)), Lipton | (2001)),
LLipton | (2002), Lipton and Sepp | (2008), and Schmeltze | (2010).

In this paper, we consider the Heston model with constant coefficients to
follow a long-established tradition, even though it is not necessarily our preferred
model. We emphasize that our method is general and can handle any reasonable
stochastic volatility model.

2.2 Analytical valuation formula for vanilla options

The popularity of the Heston model stems from the fact that one can write

its solution in the closed-form; see (1993)). However, experience has

shown that using the original formula is difficult due to several technical draw-
backs. Therefore, for benchmarking purposes, here we present the Lewis-Lipton
formula, which is easy to implement and use in practice:
CH (0,80, K, T;7,p,k,0,¢,Vy)
_g (1 s 70 e(ix+1/2>(1n(K/so>—rT>+a(T,x)—(x2+1/4)ﬁ<T,x)vO d

2 OF+1/4) X |

—0o0

o (T,x) =~ [0, T + 2ln (L= | (19)

o 1—exp(—¢T)
B(TX) = 555 mpt—cTy

Yy = F(ipex + &) + ¢,
. N ~92 2
C=1/e? (1 — p?) x* + 2iephx + &~ + 7,

where & = k — pe/2. Further details are given in [Lewis | (2000)), [Lipton | (2001)),

(2002)), and |Schmeltze | (IQOlO[)El It is clear that Eq. (19) is a general-

ization of Eq. .

2There is a typo in (2002) - a minus sign in front of 8. This typo is corrected in
(2018), Chapter 10.




2.3 Conditional valuation formula for vanilla options

Unfortunately, with very few exceptions, finding a closed-form solution for bar-
rier or other exotic options on assets with stochastic volatility is not possible,
even if such a solution exists for vanilla options. Hence, more general volatility
models for barrier options are as good (or bad) as the more traditional Heston
and Stein-Stein models, which enjoy closed-form solutions for vanilla options.

We express the log-return process as a linear combination of the two pro-
cesses:

0 1

where

Yi= /1= 02 [; VVidWi, Yo =0,
It = fo %'dt/a IO = 07 (21)

M= ((r=22) = (3= 2) L) + £(Vi=V), Mo=0.

€ €

Accordingly, conditionally on the filtration generated by the variance process
Vi, we can represent the solution to the price process given by Eq. @ as follows:

S, = eMetYegy, (22)

where M; is interpreted as a time-deterministic cumulative drift, and Y; is a
martingale with a deterministic time-dependent quadratic variance.

It is clear that pricing for path-independent options, such as European calls
and puts, simplifies to the Black-Scholes-Merton formula, provided that either
a variance path {V;|0 <t < T} (or a volatility path {o;|0 <t <T}) is given.
To be concrete, consider a call option with maturity T" and strike K. Eq. @
yields

1
o _ ((r - 2%) dt+pw7tdBt) +V1—p2/VidWy, | So=s. (23)

Sy

Thus,
Sy = o T=5(1=p") Ir++/1-pVTrn (e—%p21T+pJTSO> 7 (24)

where the non-dimensional random variables I, Jr, are given by

T T
Ir = / Vidt, Jr = / VVidB;, (25)
0 0

and 7 is the standard (0,1) normal variable. Accordingly for a particular tra-
jectory {V;]0 <t < T}, we obtain the following expression

I
c=cbs (0, e3P ITHRIT G TR /T 2 TT> : (26)



where the values (I, Jr) are assumed to be known. The unconditional price is
obtained by averaging over all possible (I, Jr):

CH <O7‘S’05K7 T7 T, Pa"ﬁ‘ng,UO)

= [ [ cBs (0, e3P Irt0IT S T Ko, /T = p2 \@) = (Ir, Jr) dJrdlr,

(27)
where = (I, Jr) is the joint probability density function (pdf) for the pair
(It, Jr); see [Willard | (1997) and Romano and Touzi | (1997). Thus, Eq.
splits the calculation of the call option price into two stages. First, the condi-
tional price is found analytically via the standard Black-Scholes formula. Second,
this conditional price is averaged according to the particular choice of the pro-
cess for the variance V;. Of course, the first stage is trivial. The usefulness of
this formula depends on how easy (or difficult) it is to find the pdf for (I, J)
and complete the second stage.

Two approaches have been used in practice - the standard Monte-Carlo
method for calculating {V;|0 <¢ < T}, I, J, and a more advanced (but much
harder) method based on the augmentation principle described in Section (13.2)
Lipton | (2001). Specifically, the augmented dynamic equation for V; yields the
following system of degenerate PDEs for the triple (V, I, J):

AV, = ® (V) dt + ¥ (V) dB;, Vo=,
dl, = Vidt, I, =0, (28)
dJ, = /VidB,, Jo=0.

The corresponding Green’s function G (¢, V, I, J) is governed by the degenerate
Fokker-Planck equation of the form

G+ (®(V)Q)y + VG — 3 (T2 (V)G),,, — (\/qu (V) G) -5(V@),, =0,

GOV, I,J)=6(V—0v)6(I)35(J).

vJ

(29)
In general, solving this equation is complicated; however, for the Heston model,
Lipton | (2001)) found a closed-form solution.

In Figure [I] we compare prices of European call options given by analytical
formula , and Monte Carlo formula . As expected, both formulas agree,
although the latter formula is much slower than the former.

3 Barrier options

3.1 Formulation

Our task is to price a barrier option written on an asset with stochastic volatility.
For brevity, we consider barrier options with the lower barrier B < Sy only.
Considering other possibilities, such as pricing options with the upper barrier
or popular double-no-touch options, is left to the reader. The corresponding
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Figure 1: Implied volatilities of European call options. We obtain the corre-
sponding prices by using Egs. and . Here, and throughout the paper
we use the following parameters: Sy =1, V =0.25, T'= 1.0, r = 0.03, x = 1.0,
0=02p=-03,e=04.



IBVP can be written in the form

P, + (T— %V) Px —|—FL(9— V)PV + %V(PXX +2pPX\/+va) —rP =0,
P(T,X,V) =11(X),
P(t,&V) =0,

(30)
where £ = 1In (B/Sp) < 0, II(X) is the terminal payoff function. Typical exam-
ples include the no-touch, call and put payoffs defined by:

II(X7) =1, II(X7) = So (X7 — ¢¥)

II(X7) = So (e — e*7) (31)

+7’ +?

where k = In(K/Sp). Alternatively, we can write the adjoint problem for
Green’s function G:

Gt ((r=3V)G)x+ (K0 -V)G)y
_% (VG)xx +2p (VG)xy + (VG)Vv) +rG =0,
G0,X,V)=45§(X)d(V-Vp),
G(t,g,V) =0,

(32)

Once the corresponding Green’s function is calculated, we can find P via simple
integration:

P(0,0,Vg):/ / G (0,0,Vo, T, X7, V) I (X7) dVypdX . (33)
¢ Jo

While such options can be priced via either FDM or MCS, both are notoriously
slow. Therefore, we want to design a much faster method, enjoying equal or
higher accuracy than the classical alternatives.

As far as analytical solutions are concerned, only one is known. It was

discovered by [Lipton | (1997)), see also [Lipton | (2001)), [Lipton and McGhee |
(2002), and |Andreasen | (2001}). (1997)) observed that in the special case

r =0, p=0,IBVPs (30), (32)) are symmetric with respect to the transformation
X — —X. Hence, the classical method of images is applicable, and solutions to
these problems can be presented as a linear combination of solutions without
barriers. Of course, one can use this approach for options in the presence of an
upper barrier, as well as for double-barrier options.

Recently, there were several unsuccessful attempts to solve the pricing prob-
lem with r? + p? > 0. For example, De Gennaro Aquino and Bernard | (2019)
presented a solution, relying on an explicit expression for the joint distribution
of the value of a Brownian motion with time-dependent drift and its maximum
and minimum; it was quickly shown by one of the present authors that their
calculation is erroneous; see De Gennaro Aquino and Bernard | (2021) | [He and|
presented a “solution”, which relies on the unsubstantiated replace-
ment of the time-dependent drift by a constant. Their approach is so arbitrary
and frivolous that its detailed repudiation is not warranted.

3Finding the joint distribution for a Brownian motion with time-dependent drift and its
maximum and minimum is challenging. We present its solution in Section

10



3.2 Conditional valuation formula for barrier options

It is hard to extend interesting formula for barrier options. However, it is
not impossible! Following Section13.3 in|Lipton |(2001), we express the value of a
path-dependent option as an integral in the functional space of price trajectories:

P(S) = =T /Q F(w)dD(w) (34)

where F(w) is a functional mapping of the space of trajectories into payoffs, and
D(w) is the risk-neutral probability measure.

Further, by applying the augmentation principle, we introduce the functional
A; to represent the path-dependent variable linked to the evolution of the spot
price S;. We then consider evaluation of a derivatives security with the terminal
pay-off function f(S,A). Finally, we extend the joint dynamics in Eq. () with
the dynamics of augmented variable Ay = ming<y <¢ Sy:

S, = rS;dt + Vi S, (det +/1- deWt> . Sp=s,
AV = ®(Vy)dt + U(V,)dBy, Vo=, (35)
dA; = 0 (Ay — S,) (dS)_, Ao = So.

The payoff function f(S,A) is given by:

f(S7,Ar) = 1a,> B (ST) (36)

The joint dynamic, given by Eqgs (35, is Markovian. Accordingly, we can
reduce the general formula to the form:

P(0,5)) =e " / / f(S,N)G(T,V, S, A\;0,Vy, So, Ag)dAdSAV.
V=0JS5=0JA=0

(37)

Here G(T,V, S, A;0,Vp, So,Ag) is the risk-neutral probability density function
for the joint evolution of state variables in SDE . We emphasize that while
the payoff function does not depend on the variance V', the valuation problem
has three spatial variables, including variance, in addition to the time variable.
Below, we introduce a novel method to solve the valuation problem
semi-analytically. Using Eq. , the density of the price S; is log-normal
with time-dependent drift and variance conditional on the filtration generated
by stochastic variance V;, FV. Therefore, we represent the valuation formula

as follows:
P(0,5) = ¢ "TEy [ [ 5T (75,20, 80, A0l Vi) dhds] 39
S=0JA=0

where I" is the Gaussian density of S; and A; conditional of the variance path
V(w), and the expectation is computed over all paths of variance process V;.
The term in the square brackets is the value of a path-dependent option on A
and S, computed in closed-form or numerically.

11



We apply the MHP to compute the inner integral for barrier options in the
closed-form. Thus, we have generalized Eq , valid for path-independent
options, to path-dependent options, and apply the new result to value barrier
options in the semi-closed form.

4 Mixed MHP-MCS approach to solving IBVPs

We consider the IBVP (30). In the spirit of Section we split our algorithm
in two steps: the outer MCS loop, which generates a bunch of trajectories for
the stochastic variance v;, and the inner loop, which solves the one-dimensional
IBVP for X;. We discuss two approaches for solving the latter problem: the
finite difference approach developed by |Loeper and Pironneau | (2009)), and the
MHP approach inspired by |Lipton et al. | (2019), [Lipton and Kaushansky

(2020). We start with the inner loop. The outer loop is relatively straight-
forward. It requires to average the inner price by using the equation for V;.
This will provide solution of the form given by Eq. (2) in Lipton and McGhee

(2002)). The simplest way of doing this averaging is via MCS, although in some
exceptional cases other approaches can be envisaged.

4.1 One-dimensional IBVP

Eq. , conditional on the variance path, can be written as an SDE of the
form

where X; the drifted Brownian motion with p, v given by Eqgs .

While studying X; on the entire axis (—o0, 00) is almost trivial, dealing with
the same process in a semi-bounded domain (£, 00) might be quite hard. This
paper shows how to do it by using the FDM and the MHP.

We can always rescale time ¢ by introducing v, such that dv = v (t) dt. As
a result, the governing SDE becomes

dX, = X\ (v)dv + dW,, (40)

where A (v) = p(t) /v (t), v(t) = fotv (") dt'.
Using the decomposition for X; given by Eq. we present the valuation
problems follows:

dX, =dY, +dM;, Yy=0, My=0, X;>E¢, (41)

where Y; is stochastic part and M; is deterministic part, and £ < 0. Then we
can express the problem in terms of stochastic variable Y; as follows:

dY: = /1= 2\ /VidW,, Yo=0, Y;>¢— M, (42)

We use a new time variable

v(t)=(1-p°) 1, (43)

12



and write
dY, =dW,, Yy=0, Y,>¢—N,, (44)

where
Ny = Myy)- (45)

Thus, we have one of the two venues to explore: (A) studying the processes
X; or X, given by Eq. and Eq. (40), respectively; (B) dealing with the
processes Y; or Y, given by Eq. and Eq. . In case (A) there is non-zero
time-dependent drift and flat boundary; in case (B) there is no drift but the
boundary is time-dependent.

Given a variance trajectory, we need to discuss how to calculate p, v, A\, M,
and N. Let {vx|k =0,1,...,K}, vo = v, be a particular path generated via
discretization of Eqs with homogeneous time-step At = T'/K. This equa-
tion can be discretized in various ways, for example, via the Euler-Maryama
scheme or the Milstein scheme. For special cases such as the Feller process cor-
responding to the Heston model, there are clever schemes tailored to the specific
process at hand. However, we are not pursuing them here since it is unnecessary
to achieve our objective. We have

vo =0, Uk =uvkp_1+kK(0—vEk_1)At+eVAln,

46
Ip=0, Iy=1Iu1+ 5 (op+ve-1), (46)
=7 22— (= )y + £t
v = /1= p*\/g, (47)
Mo =0, M= 8 (r—22) = (3 = 2) i+ £ (0 ).
It is clear that
Vg = (1 - ,02) Ika T= (1 - p2) IK7 (48)

where {vg|k =0,1,..., K} is an inhomogeneous partition of the interval [0, Y].
For our purposes, we treat the sequences {\; = u./vilk =0,1,..., K} and
{My|k =0,1,..., K} as functions of vy, which is possible because vy, is a mono-
tonically increasing sequence, and interpret them accordingly.

We illustrate the corresponding functions in Figures We emphasize
that p and X\ are very irregular, since they depend on the white noise process
dW,/dt, so that we have to deal with random terms of order At~'/2. At the
same time, the moving boundary M; is much more regular, and depends on
random terms of order At'/2,

4.2 Solving IBVPs via Crank-Nicolson method

Let us describe how to price a conditional barrier option via the FDM; see
Loeper and Pironneau (2009)E| Specifically, we want to solve the following

4Surprisingly, [Loeper and Pironneau | (2009) do not comment on the irregular nature of
the drift coefficient.
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Figure 2: Time-dependent coefficients (a) advection, (b) diffusion. The corre-
sponding parameters are the same as in Figure I} Here Ny = 52 - one step per
week.
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problem on the semi-axis (£, 00):

Py (t, X) + p(t) Px (t, X) + v (t) Pxx (t,X) — 2 (t) P (t, X) = 0, (49)
P(T,X)=11(X), P(t¢) =
We introduce P, such that
P(t,X)=e W =)W Py xy, (50)
and get the following problem for P (¢, X):
P, (t,X) + p(t) Px (t,X) + 3v (t) Pxx (t,X) = 0, (51)

P(T,X)=1(X), P(t¢) =0.

In the context we are interested in, s (t) = r, so that P =exp (r (t — T)) P.

We choose a uniform spatial grid {x,, =+ m (U — &) /M|m =0,1,..., M},
where U is a sufficiently remote upper boundary such that 0 belongs to the spa-
tial grid, z, = 0, and a temporal grid { t"[t° < t* < ... <t =T}, which is not
necessarily uniform. Then, we apply the usual Crank-Nicolson method for the
advection-diffusion diffusion and get the following system of matrix equations
for P:

Pt~ ot ar 2 (B = Pl 4 Py = Pry) (52)
BTV (Ppth — 2Pntt 4 PR+ PR —2PR 4+ PR ) =0,
where
n n41/2 n41/2 n Un,+1/2 n+1/2
antl/2 = & 4AA£ , B 2= 4AA;2 ) (53)

We emphasize that given the extreme irregularity of u, using more complicated
approaches for treading the drift term is not warranted.
We can write the system of equations in matrix form.

An+1/2]5” _ A"+1/2 pntl

() (—a,=B) ’ 54
PN =TI (2,,), (54)
where
1 0 0 0 0 0
a—p0p 1428 —a-p 0 0 0
A(a’ﬂ”\{) = . . . . . .
0 0 0 a—0 1428 —a—0
0 0 B —a—48 4a+558 1—-3a—26
(55)

For brevity, the superscripts are omitted. At infinity we apply one-sided deriva-
tives and use the PDE itself to formulate the boundary condition.
Alternatively, we can rescale time, reduce the problem to the form:

P, +\(v) P, + %PM =0,

P(Y,2)=T(z), P(v,&)=0, (56)
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and apply the Crank-Nicolson method to problem .
Of course, we can attack the pricing problem by solving the corresponding
Fokker-Planck equation for Green’s function G:

Ge(t, X) +p(t) Gx (£, X) = 3v ()Gxx(t,X) ()G(t,X):O,

G0.X)=5(X), G(t.6) = )
and write -
P(0,0)= [ G(0,0;T,z)I(z)dx. (58)
0
We introduce G, such that
G(t,X) = e Jo =) G (1, x) (59)
Accordingly,
Ge(t, X) +p(t)Gx(t,X) — sv(t) Gxx(t, X) =0, (60)
G(O,X):(S(X), G(t,f):o,
P(0,0) =¢" Jo© = (t)ar T@ (0,0; 7, z) 11 (z) d. (61)
0

As before, we apply the Crank-Nicolson method for the advection-diffusion and
get the following system of matrix equations for G7},:

Grl — G 4 am U2 (G — G+ G — G )

m _ 62
_6n+1/2 (G;Ln—:_ll _ 2G77‘£z+1 + Gn+1 4 Gm+1 _ 2Gn + Gm 1) —0. ( )
In the matrix form we get
n+1/2 Apt1 _ an+l/2 Ap
Al G = AT 750", (63)
= Oo,m-
Once GV is found, we can represent Py as
Pl =e"TAz % GNTI (64)
k = meime

m=1

4.3 Solving IBVPs via MHP
4.3.1 Analytic results

We wish to find Green’s function for process , or, equivalently, to solve the
following IBVP in a bounded domain with a moving boundary:

20 ©.Y) = § 552G (v,Y),
G0,Y)=46(), G(v,&—N,) =0, G(U7Y—>OO)—>0, (65)
E-N, <Y <o0, 0<uv<T.



-0.4

. . . . .
g I\
\'\ \ﬂ
-045 \ \
\ e A
v ‘- \
05 \ 1
\ |
\ | I
\ \gl \I [ '\I |
\ \ I
0.55 \ [ [
N i
/o
AVaY, |
-06 ‘.‘
‘
M [
VA
0.65 (VAN
'\.l
07 . s . . s . . s
0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16

0.18

Figure 4: A typical lower boundary £ — N,, as a function of v

For a representative Monte Carlo path, the corresponding boundary is shown
in Figure [

We split G, and represent it in the form

Gv,Y)=H(vY) -
where H (v,Y) is the standard heat kernel,

exp (

F(vY),

H (v

where

V2ro
and F (v,Y) solves the following problem
wF(WY)=35=F(vY), -N, <Y<
F(0,Y)=0, F(v, N) f), FY— )—>O
f(w)=H v,&—N,).
The MHP allows one to represent F'(v,Y) in the form
— ’ 2
v (Y =&+ Ny exp (*(Yg(ff_ff)) ) o
F(U,Y):/ ¢ (V') dv,
0

¢ (v) +

0

o (v —v')?
where ¢ (v) solves the Volterra equation of the second kind

YO (v,v) E(v,v)

V27 (v =)

18

¢ (V) dv' = f(v),

(70)

(71)



and

O (v, 0) = — MmNt =y ) = exp <(v—v)@(vv>> ,

(v—2") 2 (72)
O (v,v) =9 =>(y,v) = 1.
Assuming that ¢ (v) is known, we can represent G (Y,Y) as follows:

where F (Y,Y) is given by Eq. . Finally, returning back to the original
variables, we get

G(T,X)=H (Y (T),X — My) — F (Y (T),X — My). (74)

When Z = X — ¢ — 0, the corresponding integral has to be dealt with
carefully due to a singularity at v’ = v. We have

(Z-Nu+N,,)?
v (Z—Ny+N,1) exp 7#
F(v, X =No)= [ \/%(S_U,)s ( >¢ (V) dv'
Xp\ — z ) (1 ) (2) /
eZN'(v) M v I (w) v v / v I (U!U ) /
oW o — oy f)f = “f)fo o)
:2eZN(U)¢(U)m(f%)+ O“IL“ +f“I (”“ v,
(75)
where
M) (1.0 zexp (5725 ) (exn(— 20 ()20 ) o) =e#N (0))
T v, = Var(o—) - (76)
, / e(v,vz)exp( %MU,)
I( ) (U? v ) = m .

It is clear that integrals in Eq. have weak singularities and hence are easy
to handle.

4.3.2 Numerics

There are numerous well-known approaches to solving Volterra equations; see,
Linz | (1985), among many others. We choose the most straightforward approach
and show how to solve the following archetypal Volterra equation with weak
singularity numerically:

Y K(v,v")
vu =1

where K (v, ') is a non-singular kernel. We write

¢(v) + | ¢(v')dv’ = f(v), (77)

/K Ny /KUU (V') dvv — . (78)
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We map this equation to a grid 0 = vg < vy < ... < vy = v. We introduce the
following notation:

fr = f(or), ¢ = (vi), Kk’lajj((vk’w)’ 79)

Ap =v — My = —4—1 —.
k,l Vg v, k,l (m_i_ Ak,l)
Then, Eq. can be approximated by the trapezoidal rule as

k

o + an,l (Kiady + Kieg—101-1) = frs (80)

=1
so that

5 (fk — VAg k1K p—10,_1 — 56:711 iy (Kkadp + Kk,l—1¢171)>
b (1+ v/ Apr-1Kkx) '

Thus, ¢, can be found by induction starting with ¢, = fo.
After ¢, are determined, Fj can be written in the form

k k
’ Z
Fk = 262Nk¢km < > + an,,l (I]Sl) + I/Sl)—l) + an,l (I/Efl) + I]E,Ql)_l) )
vV Uk =1 =1
(82)

(81)

4.3.3 Example

Let us consider the special case of constant drift \; the corresponding boundary
is linear, & — \v, where v = t. Then Eq. becomes
_(=xw)?
2v

ox _ A% (v—")
¢><v>A/0v I;%)W)dv/em. (33)

Lipton and Kaushansky | (2020)) show that

_ (E=Aw)?

e~ 2 E+
¢ (v) T e NG (84)
exp (261 — 0520
F(v,Y)= : (85)
21
Accordingly,
G(T,X)=H(T,X —\T) — **H (T, X — \T — 2¢). (86)

It is easy to see that G (T, €) = 0, as it should. Figure [5|illustrates our findings.
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Figure 5: ¢ (v) computed analytically and by solving the Volterra equation.
The difference between the corresponding functions is less that 10( — 4). The
parameters are £ = —0.5, A = 0.5.

4.3.4 Semi-analytical solution of pricing problems

Green’s function is given by Eq. . In Figure @We compare Green’s functions
obtained via the FDM and the MHP. The figure shows that these functions are
reassuringly close. The MHP is clearly preferred since it is much faster.

Once G (T, X) is found all barrier problems can be solved analytically.

For instance, we can calculate the P (0,7;¢) of the no-touch option for the
barrier level £ < 0:

P(O,T;f) =T fgoo (H (T,X’ — NT) —F (T,X’ — NT)) dXx’
exp<74(£_NT+Nv’)2

_ T —(¢=Nr) r 2(r o) ) (87)
=’ n ( \/TT ) N fO \/271'('1‘71/) ¢(U/) dU/

The relative price C (0,T, K;¢) /e~ TSy of the barrier call struck at K = SpeF,
where k > &, has the form:
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Figure 6: G (T, z) computed via the FDM and the MHP. The absolute difference
between the corresponding functions is less that 1072, The parameters are the
same as in Figure [Tl The log-barrier is £ = —0.5.

€(0,5,T,K;£)
efrTSO

= i (H (0, X'~ Ny) = F (£, X'~ Np)) (X' — et} dx’

[ TN

2
n
_ Ny [>® e 27 7 k[ 27
€ fk*N“f V2rY dT] ¢ fk*N"f 27'er77

(n—&+N, /)2
(M—&+N,/)exp( — 55—+
T oo v 2(T—")
—elNr fO fk—NT \/27r<(’ru’)3 >d77¢ (V') do’
(n—€+N,1)?
(n*£+Nu/)exp<*75>
T (oo 2(r—o")
+ek fo fkaT Ty dne (v') dv’ (88)
- eNT*(m(Na%T) - e’“;ﬂ(%)
(=g 1 v,)?
k(T P 2(r-v’) / /
¢ f() \/271'('1“711’) ¢(U )d’U
T _N =) k—Ny—€+N,/ —(T—v")
_fo eNTH—Nyrt——m ( — NEED) ¢ (V') dv'

B (k=Ny—¢+N,,)?

T °XP 2(r—v’
—I—ek fO ( \/ZW(E;;U/)) )¢ (’U/) dv'.

We found that it more efficient to price these options using the backward
induction. For example, to price the no-touch option backward, we introduce
the new time variable w = T — v, and the boundary O, = N~_,, and write
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P (0,T;¢) in the form

P(0,T:¢) =e " (1-Q(Y;8)). (89)

Here

Q(T1;6) = )WT’ (@) d=', (90

/T (~¢+ O exp (— 52
0 o1 (Y — w')?

where VT (@) solves Eq. (71) with f (@) = 1.
By the same token, we can represent C (0, So, T, K;¢) as follows

C (0,80, T,K;&) =e Sy (D (Y, k) — E(Y,k;€)), (91)
where

D(X,k) = ek (eOo-ktFon (Quzht®) —on (k)

- _(cerog)? (92)
( E+O ’)EXP 7
T b —w
E(T, k€)= [, \/QW(g_wfg ) >¢<C> (@) dwo',
and ¢ (@) solves Eq. (71)) with
— ok (6O +00—k+F oy ( €20/ +00—k+T
f(w)=¢e (6 0 BRI ﬁo ) (93)

£—0_/+00—k
- (S=2mrt))
In Figures we compare prices of no-touch and call options obtained via
the FDM and the MHP. The figure shows that the corresponding prices are very
close. As before, the MHP is clearly much faster than the FDM.

4.4 External loop: averaging over all variance paths

After the corresponding solution is found and expressed in the original variables,
we produce a set of random sequences {vi|k =0,1,..., K} and repeat steps.
Once a sufficiently large number of paths is generated, we perform averaging
and obtain the solution.

In Figures 9} [I0} [[I}we show the averaged value of Green’s function, as well
as prices of the no-touch and call options.

5 Joint probability density for the value of drifted
Brownian motion and its running minimum
This section, which serves as a mathematical aside, shows that the MHP al-

lows solving a very complex problem of finding the joint probability distribu-
tion for a Brownian motion with time-dependent drift and volatility and its
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Figure 7: P (T, x) computed via the FDM and the MHP. The absolute difference
between the corresponding functions is less that 1073, The parameters are the
same as in Figure [l The log-barrier is £ = —0.5.

Figure 8: C (T, x) computed via the FDM and the MHP. The absolute difference
between the corresponding functions is less that 10~%. The parameters are the
same as in Figure [Tl The log-barrier is £ = —0.5.
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1.0E-02 — M gra
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8.0E-03

6.0E-03

4.0E-03

2.0E-03

0.0E+00

-0.50 0.00 0.50 1.00 1.50 2.00

(a)

0.0043 0.0043 0.0043
0.0077 0.0077 0.0077
0.0094 0.0094 0.0094
0.0093 0.0092 0.0093
0.0074 0.0075 0.0075
0.0052 0.0051 0.0051
0.0031 0.0029 0.0030
0.0016 0.0015 0.0015
0.0007 0.0006 0.0006
0.0002 0.0003 0.0003
0.0001 0.0001 0.0001
0.0000 0.0000 0.0000
0.0000 0.0000 0.0000
0.0000 0.0000 0.0000
0.0000 0.0000 0.0000

(b)

Figure 9: Green’s function averaged over Monte Carlo paths. The number of
MC path for the MHP and FDM is 10, 000; the number of path for the classical
MCS is 100, 000.
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100%

— \Volterra
— Pde
80%
60%
5
5
I
40%
20%
0%
-0.50 0.00 0.50 1.00 1.50 2.00
x_0
(a)
0.2428 0.2451 0.2452
0.4563 0.4568 0.4597
0.6259 0.6273 0.6314
0.7517 0.7527 0.7567
0.8372 0.8383 0.8415
0.8926 0.8933 0.8957
0.9265 0.9269 0.9286
0.9462 0.9466 0.9477
0.9577 0.9578 0.9584
0.9638 0.9638 0.9642
09671 09671 09673
09688 0.9688 09689
0.9696 0.9696 0.9697
0.9700 0.9700 0.9701
0.9703 0.9702 0.9703

(b)

Figure 10: Price of the no-touch with the log-barrier = £ = —0.5: figure (a),
table (b). The number of MC paths for the MHP and MFD is 10,000; the
number of patha for the MCS is 100, 000.
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barrier call

25%
— \Volterra
— Pde
— Vanilla
20%
E15%
£
o
I~
10%
5%

0.90 1.00 1.10 1.20 1.30 1.40 1.50
Strike

(a)

MC a Pde Vanilla

0.1121 01117 0.1115 0.2466
0.1040 0.1036 0.1035 0.2215
0.0961 0.0957 0.0956 0.1985
0.0884 0.0880 0.0880 01776
0.0811 0.0807 0.0806 0.1586
0.0740 0.0736 0.0736 0.1415
0.0674 0.0670 0.0670 0.1260
0.0612 0.0608 0.0608 0.1122
0.0554 0.0551 0.0551 0.0998
0.0501 0.0498 0.0497 0.0887
0.0452 0.0449 0.0449 0.0789
0.0407 0.0404 0.0404 0.0701
0.0366 0.0364 0.0364 0.0623

(b)

Figure 11: (a) The price of the down-and-out call with the barrier at S = 0.9
as a function of the strike K; (b) a summary table. The number of MC paths
for the MHP and MFD is 10, 000; the number of paths for the MCS is 100, 000.
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minimum. Without loss of generality, we can restrict ourselves to the case of
time-dependent drift and unit volatility by scaling timeﬂ

To put things in perspective, we start with the standard Brownian motion
and consider the following problem:

Gt - %Gacac = 07

G(0,z)=6(x), G(t,a)=0, (94)

where a is the lower bound, a < 0. It is clear that G (T, b; a) db is the probability
of the Brownian motion ending in the interval (b — db/2,b+ db/2) and having
its minimum on the interval [a,0]. Thus, the corresponding joint pdf has the
form

0
T =——G(T,b;a).
7 (T,0,8) = — -G (T, b;0) (95)
The method of images yields
G(T,b;a) = H (T,b)— H(T,b—2a), (96)
so that 5
7 (T,a,b) = f(bea)H(T,b—Qa). (97)

For the drifted Brownian motion the problem can be written as follows:

Gt + )\Gm - %Gzz = 07

G(0,2) =6(z), G(t,a)=0, (98)
G (T,b;a) = H (T,b— \T) — ***H (T,b — \T — 2a), (99)
m(T,a,b) = —£G (T, b;a) (100)

=2 (b—2a)e**H (T,b— AT — 2a).

Needless to say that for zero drift, A = 0, we recover Eq. .

Expressions @ and are very well-known, even though their derivation
is usually somewhat convoluted. However, to the best of our knowledge, what is
not known, is a similar expression when the drift A depends on the (scaled) time
v. We shall use the MHP to derive the corresponding formula. The problem of
interest has the form

Gy + A (V) Gy — 2Go =0,

G(0,z)=6(x), G(v,a)=0, (101)
G (Y,bja) =H(Y,b— Ny)—F(Y,b;a), (102)
(b4 (00) (X = o) exp - (0 )
F(Y,b;a) :_/0 — 6 (' a) du.
27 (T — o/
(103)

5Despite this being a classical problem, its correct solution is not presented in the literature,
except for the simple case of constant drift. At the same time, several incorrect solutions have
been proposed.
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YO (v,v) E (v,v)

o(ia)+ | N oE) ¢ (v'sa)dv' = f (v;a), (104)
f(via)=H (v,—N, —a) = H (v,N, +a). (105)
Thus,
T (T7 a, b) = 7%G (Ta b; CL)
. (b+e(r,u)(r7v/))cxp(7%) / / (106)
= N Tm P (V5 a)dv,
where
v+ [ LODEC gy g = Bt o) aom)
0 27 (v —') v

6 Conclusions

This paper introduced a new hybrid MHP /MCS technique for pricing barrier op-
tions on assets with stochastic volatility. The idea is to decompose the solution
process into the inner step, which solves a barrier problem for the condition-
ally independent process, and the outer step, which averages the corresponding
solutions over the one-dimensional stochastic volatility dynamics.

Our methodology is general and can manage all known stochastic volatility
models equally efficiently. Besides, relatively simple extensions (which will be
described elsewhere) can also handle rough volatility models. With minimal
changes, one can use the method to price popular double-no-touch options and
other similar instruments.

While several authors used hybrid techniques before, see, e.g., |Loeper and
Pironneau | (2009)), their methods use the FDM and are still relatively slow, al-
though undeniably faster than the standard two-dimensional MCS. Our method
reduces the inner barrier problem to solving a linear Volterra equation of the
second kind. It is very efficient and is an order of magnitude faster than other
hybrid methods with the same (or better) accuracy. Our results are a natural
generalization of Willard’s formula, see Willard | (1997)), for barrier options.

As a byproduct of our analysis, we derived a new expression for the joint
pdf for the value of a drifted Brownian motion and its running minimum or
maximum in the case of time-dependent drift.
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