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Abstract

We introduce the class of affine forward variance (AFV) models of
which both the conventional Heston model and the rough Heston model
are special cases. We show that AFV models can be characterized by the
affine form of their cumulant generating function, which can be obtained
as solution of a convolution Riccati equation. We further introduce the
class of affine forward order flow intensity (AFI) models, which are struc-
turally similar to AFV models, but driven by jump processes, and which
include Hawkes-type models. We show that the cumulant generating func-
tion of an AFI model satisfies a generalized convolution Riccati equation
and that a high-frequency limit of AFI models converges in distribution
to the AFV model.
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1 Introduction

The class of affine processes introduced in [DFS03], consists of all continuous-
time Markov processes taking values in Ry x R™, whose log-characteristic func-
tion depends in an affine way on the initial state vector of the process. Affine
processes have proved particularly convenient for financial modeling, typically
giving rise to models with tractable formulae for the values of financial claims;
the perennially popular Heston model [Hes93] is just one (and perhaps the most
famous) example of such a model.

In this paper, we introduce the class of affine forward variance (AFV) mod-
els of which classical Markovian affine stochastic volatility models turn out to
be a special case. By writing our model in forward variance form, we are able
to provide a unique characterization of a much wider class of affine stochastic
volatility models, which includes non-Markovian models, such as the rough Hes-
ton model of [EER16]. It will also become evident that the class of AFV models
is closely related to the affine Volterra processes introduced in the influential
paper [JLP17].

Inspired by the original derivation [EER16] of the rough Heston model as a
limit of simple pure jump models of order flow, we further introduce the class of
affine forward order flow intensity (AFI) models. These model are structurally
similar to affine forward variance models and generalize the simple order flow
model of [EER16], by allowing arbitrary order size distributions and more gen-
eral decay of the self-excitation of order flow. We define a high-frequency limit
in which such models give rise to continuous affine forward variance models. In
so doing, we generalize and simplify previous such derivations.

Our paper proceeds as follows. In Section 2, we introduce the class of affine
forward variance models and show that a forward variance model has an affine
cumulant generating function (CGF) if and only if it can be written in a very
specific form. We further show that the CGF can be obtained as the unique
global solution of a convolution Riccati equation closely related to the Volterra-
Riccati equations of [JLP17]. In Section 3, we introduce the class of AFI models,
showing that the CGF of such models solves a generalized convolution Riccati
equation. In Section 4, we show that AFI models become AFV models in
a high-frequency limit, where order arrivals are extremely frequent and order
sizes extremely small.

2 Affine forward variance models

2.1 A characterization of affine forward variance models

On a probability space (2, F,P) with right-continuous filtration (F;);=0, follow-
ing [BG12], we consider a forward variance model of the form

dS, = S,a(V;) (det /11— pde,}) (2.1a)
dgt(T) = nt(T, UJ)th, te (0, T), (21b)



where W, W+ are independent Brownian motions, the R>g-valued stochastic
process n;(T; w) is progressively measurable for all ' > 0 and ¢ is linked to the
instantaneous variance V' by

gt(T) =K [VT| ]:t] . (2~2)

Due to the right-continuity of (F), we can recover V; from &(T) as V; =
limp), &(T). The initial conditions of the forward variance model (2.1) are
the initial stock price Sy and the initial forward variance (£o(T")rs0). The first
equation can be written in terms of the logarithm X; = log S; as

a(Vy)? 2 WL
dX; = _Tdt + (V) (det + det ) .

We assume that P is a martingale measure for S, such that E[S;] = E [eXt] =
So. In particular, this implies by Jensen’s inequality that the moments E [S}]
are finite for all u € [0, 1].

Remark 2.1. As noted earlier in [BG12], all conventional finite-dimensional
Markovian stochastic volatility models may be cast as forward variance models.

Definition 2.2. We say that the process (X, ) has an affine cumulant gen-
erating function determined by g(t;u), if its conditional cumulant generating
function is of the form

logE [e“(XT_Xt)

7= j " (T — su(s)ds. (2.3)

for all w € [0,1], 0 < ¢ < T and g¢(.;u) is Rgp-valued and continuous on [0, T]
for all T'> 0 and w € [0, 1].

Remark 2.3. Alternatively, we could consider (2.3) with imaginary parameter
u = iz for z € R, i.e. an affine log-characteristic function as in [EER16].
However, it will turn out that restricting to real parameters greatly simplifies
the mathematical treatment.

Convolution integrals, as in the exponent of (2.3), will appear frequently in
the following calculations and so it will prove useful to introduce the convolution
operation *. For functions with multiple arguments or subscripts, we use the
convention that convolution acts on the first argument, excluding subscripts.
Other arguments or subscripts are passed on to the result. With this convention
(2.3) can be written succinctly as

E I:eu(XTth)

.7-}] = exp ((g * €):(T; u)) (2.4)
We impose the following technical assumptions on the forward variance

model:

Assumption 2.4. (a) For dt ® dP-almost all (¢,w) it holds that T — n(T;w)
is right-continuous, decreasing and non-zero.



(b) For any T > 0 the integrability condition
T
)

holds for almost all w € €.

- 1/2
J Ns(s + r; w)2d5> dr < o (2.5)
0

Note that if n decomposes as n:(T;w) = Yz (w)x(T —t) with Y; non-negative,
then (a) is equivalent to x being decreasing and the integrability condition (b)
is equivalent to

T T
J Y,(w)?ds < w0, a.s. and J k(r)dr < oo,
0 0

In particular, condition (b) is weak enough to accommodate kernels x with
integrable singularity at 0.

Theorem 2.5. Under Assumption 2.4 the model (X,€) has an affine CGF if
and only if

a(Vy) = av/V; (2.6a)

ne(T;w) =/ Vi(w)k(T —t) (2.6b)

for some a = 0 and a deterministic, non-negative decreasing kernel k, which
satisfies SSF k(r)dr < oo for all T > 0.

Moreover, g(;;u) : Rsg — Rgo in (2.3) is the unique global solution of the
convolution Riccati equation

t

g(t;u) = Ry (“J

. K(t —s)g(s; u)ds) = Ry (u, (k* g)(t; u)), t=0 (2.7)

where
a® L o
Ry (u,w) = g(u —u) + apuw + Fw (2.8)

Remark 2.6. Alternatively, the CGF g(t;u) can be written as
9(t;u) = Ry (u, f(t,u)),
where f(¢,u) is the unique global solution of the non-linear Volterra equation
t
Ftiu) = J w(t — $) Ry (u, £(t, 5))ds. (2.9)
0

See Appendix 5 for further discussion of non-linear Volterra equations and for
the equivalence of equations (2.7) and (2.9).



Remark 2.7. Note that the instantaneous variance process Vi = limyp); & (T) of
an AFV model can be written as

V, = &(t) +L Kt — 8)/VedWs,

and is therefore an affine Volterra process in the sense of [JLP17]. It has been
shown in [JLP17] that under certain conditions, such processes possess an affine
log-characteristic function and that this function satisfies the nonlinear Volterra
equation (2.9). Our result imposes weaker assumptions on the kernel x and adds
the converse direction which characterizes (2.6) as necessary and sufficient. Note
that our formulation in forward variance form avoids working directly with the
(non-semimartingale) process V' and therefore simplifies many of the arguments.

2.2 Two examples: Heston and rough Heston models

Ezample 2.8 (The Heston model). The Heston model [Hes93] is given by
S, = Si/Vi, (det + deti) (2.10a)
AV, = =\(V; — 0)dt + ¢/ V,dW. (2.10Db)
A simple calculation shows that
§(T) =E[Vp|F] =0 (1 - e_)‘(T_t)) + e NT-Y,

Hence,

d&y(T) = Ce M0/ V,aw,

and it follows that the Heston model can be written as an affine forward variance

model with
a(V)) =+/Vi, k() = (e

and initial forward variance
T
&(T) =6(1— ef)‘T) +e MV =Vo+ (6 — VO)/\J k(s)ds.
0

To obtain the Riccati ODEs for the Heston model in the usual form (see e.g.
[KR11]), let ¥(.;u) be a C'-function such that

g(t;u) = %w(t;U) + M(t;u), and  (0;u) = 0.

By partial integration we obtain

t

(kxg)(t;w) = f M=) g (s51u) = Cop(t: ).

0



Inserting into the convolution Riccati equation (2.7) yields

Pl 2
Sult) = 5 — )+ (Cou— Nl + SUGu?, w(0) =0,

in accordance with [KR11]. Furthermore, it is straightforward to show that
T
|| st = siwgsias = ot + Vit
t

with ¢(t,u) = \@ Sé (s, u)ds. o

Ezample 2.9 (The rough Heston model). In the rough Heston model, introduced
in [EER16], (2.10b) is replaced by

= i ' _Safl _ S L ' _Safl
Vt—Vo+F(a)L(t YNNG — Vi)d +F(a)fo(t )/ VedW, (2.11)

where « € (1/2,1) is related to the ‘roughness’ of the paths of V. In [ER17] it
is shown that the forward variance in the rough Heston model satisfies

d&i(T) = (T — $)\/VedWy,

with the kernel
K(x) = (e By o(—A2%)

and where E,, () denotes the generalized Mittag-Leffler function (cf. [EMOT81],
[Pod98, Sec. 1.2]). Thus, the rough Heston model is an affine forward variance
model in the sense of Theorem 2.5. The initial forward variance is given by (cf.
[ER17, Prop. 3.1])

T

§o(T) =Vo+ (0 — Vo))\fo k(s)ds.

To obtain the fractional Riccati equation (cf. [EER16, Eq. (24)]) for the rough
Heston model set

1 1 t o=l — — 5 s u)ds
w<t,u>:5<mg>(t,u>:@La—s) o= A(t — 5))g(s:u)ds.

By [EER16, Lem. A.2] v(t;u) satisfies

D (t;u) + Mp(t;u) = g(s;u)

where D% denotes the Riemann-Liouville fractional derivative of order «. In-
serting into the convolution Riccati equation (2.7) yields

2

DU (t) = 3 — ) + (Gou = Nb(tu) + SV’ P(50) =0,



in accordance with [EER16, Eq (24)]. Denote by I*f = ﬁ Sgo(t— s)*Lf(s)ds
the Riemann-Liouville fractional integral of order o and write 1 for the function
of constant value one. The exponent in (2.3) can be transformed as follows:

[ 9t = siéao)ds = Valg 1)+ 0= Vo) g2 1) -
=Vo((g—A)* 1) +0A(xpx1) =
= V(DY) * 1 +9/\Lw(s;u) =

= VoI~ + OX f P(s;u),
0
which is the same as [EER16, Eq (23)]. o

2.3 Proof of the characterization result

To prepare for the proof of Theorem 2.5, we introduce the following notation:
Given a continuous function g : Rsg x [0,1] = R, (¢, u) — g(t;u), we set

Gy = (g*&)(T;u) = L 9(T — s;u)&(s)ds, (2.12)
M; = exp (uXy + Gy) . (2.13)

If (X,€) has an affine CGF determined by ¢(¢;u) then it follows from (2.3)
that M is a martingale. Conversely, if M is a martingale, then (2.3) follows
by taking conditional expectations. Hence, the affine property of (X, &) can be
characterized in terms of the martingale property of M. In order to apply It0’s
formula to M we represent G as an It6 process. The calculation is analogous
to the drift computation in the Heath-Jarrow-Morton-model (cf. [Fil09, Ch. 6])
and uses the stochastic Fubini theorem to interchange stochastic integral and
Lebesgue integral.

Lemma 2.10. Let G be given as in (2.12) and let Assumption 2.4 hold. Then
G can be written in Ité process form as

t t

g(T — s;u)Vids + f vs(T; u,w)dWs,
0

Ge = JT 9(T = s;u)éo(s)ds — J

0 0

where

T

ve(Tyu,w) = (g *n)(T,u,w) = L g(T — r;u)ne(r;w)dr. (2.14)



Proof. Following [Fil09, p. 94] closely, we compute

G, = j 9T — s;u)é(s)ds =
T ,t

T
— f 9(T — s;u)éo(s)ds + f g(T — s;u)n(s;0)dW, ds stoch. Fub.
t t 0

T t T

= J g(T — s;u)éo(s)ds + g(T — s;u)n-(s;w)ds dW,. =
tT Ot tT

= J 9(T — s;u)éo(s)ds + 9(T — s;u)n-(s;w)ds dW,.—
0 0

t
_Jg( —SU&) dS—JJ _su”r(s W)deW stochFub_

0

_JTg( T — s;u)& ds+J-J T — s;u)ne(s;w)ds dW,—

0

[ s (5 s+ [ s, ) ds

0

=V,

To justify the application of the stochastic Fubini theorem, we use the condition
given in [Ver12, Thm. 2.2]: For r,z € [0,T] set

Y(ryzyw) =g(T — (r+ z);u)n:(r + 2;w),

where we extend g by zero whenever r+x > T'. By [Ver12, Thm. 2.2] a sufficient
condition for the exchange of integrals is given by

T
J
Since g(t; u) is continuous on [0, T] for each u € [0, 1] this integrability condition
depends only on 7, (r + z;w) and is implied by Assumption 2.4. O

0

- 1/2
J |1/)(r,a:;w)|2dr> dx < o0, a.s.

We are now prepared to prove Theorem 2.5.

Proof of Theorem 2.5. Fix (T, u) € (0,00) x R. We apply Itd’s formula to M; =
exp (uX; + G¢) and obtain, using Lemma 2.10,

th u2 1
M = udXt + th + ?d[X, X]t + Ud[X, G]t + id[G’ G]t = (215)
t

= loc.mg.+

+ {;(uQ —w)a(Vy)? — g(T — t;u) Vi + upa(Vy) v (T;w) + ;vt(T;w)Q} dt,



where ‘loc.mg.” stands for the local martingale part, which we need not compute
explicitly. If (X, &) has an affine CGF determined by ¢(¢;u) then M is a local
martingale and all dt-terms must vanish. This implies that

1 1

§(u2 —uw)a(Vy)? — g(T — t;u)V; + upa(Vy) vy (T w) + §vt(T;w)2 =0 (2.16)
for all u € [0,1] and for dt ® dP-almost all (¢,w) € [0,T] x Q. Evaluating the
equation at three different wy,us,u3 € R and arranging in matrix-vector-form,
we obtain

u? —uy 2uip 1 a(V;)? g(T —t,uy)
5 uj —ug 2uzp 1 |- | (Vv (Tsw) | = | g(T —t,uz) | V.
uj —uz 2uzp 1 vy (T, w)? g(T' —t,u3)

=M (u1,u2,u3)

Clearly, unless p = 0, we can find some (uy, us, uz) € R3, such that M (u1, us, u3)
is invertible. Thus, we obtain

a(V;)? g(T —t,up)
a(Vo)ve(T;w) | = M(uy, uz,uz)™" | g(T — t,uz) | V4,
vy (T w)? g(T —t,u3)

showing that all elements of the vector on the left side must in fact be linear
functions of V; and time-homogeneous, in the sense that their time-dependency
can be reduced to dependency on the difference 7' — ¢. In the case p = 0, this
argument can be easily adapted by omiting the middle row and column of each
vector and matrix involved.

In all cases, we deduce that a(V4) is proportional to v/V; and that v(T;w) =
A/ Vi(w)o(T —t) for some deterministic ¥(r). But v4(T;w) is the convolution of
g and 7 in the sense of (2.14), such that also 7:(7T";w) must decompose as

n(Tiw) = AV Ve k(T — 1)
for some deterministic x(r). We write

T
(k*g)(T;u) = f g(T — s;u)k(s)ds
0
and, after canceling the common linear factor V; and setting 7 = T — ¢, (2.16)
becomes
1, ., 1 2
S (07— ) — gru) +up- (s + 9)(riu) + 5 (% g) (73 0)” =0,
which is the convolution Riccati equation (2.7). The integrability condition on
k is implied by Assumption 2.4.

We now turn to the claim that the convolution Riccati equation (2.7) has a
unique global solution. To this end, we set H,(w) = Ry (u,w),u € (0,1) and
show that H,, satisfies the conditions of Corollary A.7. In particular, it is easy
to check that for all u € (0,1),



e H,(w) is a finite, strictly convex function on (—o0, 0] and satisfies H,(0) <
0;

e H,(w) has a single root H,(wy(u)) = 0 in (—o0,0].

Thus, we conclude from Corollary A.7 the existence of a unique global solution
g(t;u) to (2.7) for all uw € (0,1). Moreover, g(t;u) < 0 for all (¢t,u) € Rso x (0,1)
by estimate (A.11). We can add the boundary cases u € {0, 1}, observing that
they yield the constant global solution g(¢t;u) = 0, which must be unique by
[GLS90, Thm. 13.1.2]. We can now easily complete the proof and show the
converse direction of the theorem, by reversing the above arguments: Assume
that (2.6) holds true and let G and M be defined as in (2.12) and (2.13), with
g the solution of the Riccati equation. Applying Itd’s formula as above, we see
that in (2.15) all di-terms vanish and conclude that M; = exp(uX; + Gy) is a
local martingale. From g(t,u) < 0 it follows that M is bounded and hence a
true martingale. Thus

T
E [e"XT| Fi| = E[Mrp| F] = M; = exp (UXt + J 9(T - SQU)&(S)dS> )
t

(2.17)
for all u € [0, 1] showing (2.3). O

3 Affine forward order flow intensity models

We now introduce a class of models for market order flow, which are structurally
similar to the forward variance models. These models consist of a log-price X
and a forward intensity process £(T'), which models the expectation (at time )
of the future intensity of order flow (at time T'). The forward intensity & (7') has
a role similar to the forward variance, and we call the resulting model a affine
forward order flow intensity (AFI) model.> The AFI model is driven purely by
the arrival of market orders, which are represented by two independent pure-
jump semimartingales J;", J;” of finite activity and with intensity A;_. Both
processes jump only upwards and represent the arrival of buy and sell orders
respectively. For simplicity, we assume that the distribution of buy and sell
orders is the same and given by a probability measure {(dz) on Ro. We assume
that § e?((dz) < oo; in particular, also the first moment § x((dz) exists. In
addition, we assume that the order flow processes are self-exciting, in the sense
that each arriving order positively impacts the intensity process. This impact
can be asymmetric, i.e. the degree of self-excitement may be different for buy-

IThe strong empirical correlation between order volume (as a proxy for intensity) and
return variance is well-documented in the literature (see e.g. [GRT92]). Therefore the parallels
between AFV and AFI models should not come as a complete surprise.

10



and sell-orders. Together this leads to the specification of the AFI model as
dX; = —N_mxdt +dJ;} —dJ;, (3.1a)

d&,(T) = k(T — 1) (;dfﬁ + ;dz) . (3.1b)

where k : R>g — R is an integrable, decreasing non-zero function (‘kernel’),

~* are positive constants, my is determined by the martingale condition on

S =eX and jti denote the compensated order flow processes, i.e. jti = JF -
me Sé As—ds, where

me = vy +90) | cda).

Finally, & (u) is linked to A, by

§i(u) = E[Au| F]- (3.2)
Since (Fy)i>0 is right-continuous, we have A\, = lim,,|; & (u). Setting
_ ~ 1 ~ 1 ~
J=J"—J, I = FJJ + th (3.3)

we can rewrite (3.1) as

dX, = —\_mxdt + dJ7X,
d&y(T) = k(T — t)dJ}.

Note that compensated jump processes are local martingales, such that also
& (u) is (at least locally) a martingale, which is consistent with (3.2).

We now discuss the jump processes and the compensators of their random
jump measures in more detail. Recall that we have assumed the same order size
distribution ¢(dx) for both buy and sell orders. Hence the random jumps of J*
are compensated by

dvit (dz) = \_¢(£d)dt,

where x represents jump size. While J© and J~ are independent, it is important
to note that JX and J are not. Instead, they move by simultaneous jumps.
Thus, the predictable compensator of the jump measure of (JX, J*) is given by

th(X’)‘) (dz,dy) = M—x(dz, dy)dt, where
x(dx, dy) = (1{z20}1{x:w}<(dﬂf) + 1{%0}1{1:_74}4(7(1@).

Note that the measure of joint jump heights x(dx, dy) is concentrated on the
line segments x = v,y, (z = 0) and z = —y_y, (z < 0) due to the simultaneity
of jumps. In addition, we define

v = [ - (3.4

)

11



and calculate
f (€™ — 1) x(da, dy) = ¥ (u+wy") +¥(—u+wy”).
RxRx>g

Applying 1t6’s formula for jump processes to eX it is easy to see that the mar-
tingale condition implies that

mx = (1) +(=1).

The following theorem is the analogue of Theorem 2.5 and shows the structural
similarity between affine forward variance models and AFT models.

Theorem 3.1. The AFI model (3.1) has an affine CGF in the sense of Defi-
nition 2.2. Moreover, g(.;u) : Rsg — Rgo in (2.3) is the unique global solution
of the generalized convolution Riccati equation

t

g(t;u) = Ry (uf

(e = $)g(s: wds) = Ra(w (g (), (3.5)

where
Ra(u,w) =¥ (u+wy") +¥(—u+wy”) —umx —wme, (3.6)

with ¥ as in (3.4).

Proof. Essentially, we proceed as in the second part of the proof of Theorem 2.5.
Let G be defined as in (2.12) and set M; = exp(uX; + G). Applying the same
argument as in the proof of Lemma 2.10, but replacing Brownian motion by the
pure-jump-martingale JX we obtain

1 t

g(T — s;u)Ns—ds + J vs(T;u)dJX,
0

G = JTQ(T —s;u)éo(s)ds — f

0 0

where
T

vi(Tyu) = L k(r —t)g(T — r;u)dr.

Applying the Ité-formula with jumps to M we obtain
t

M, = MO+J M, (udX; +dGy)+ Y| M, (e"%F8% — 1 —uAX, - AG,)
0 0<s<t

and compensating the jumps yields

dM;
M,

=loc. mg. — A\ (umx + v (T u)yme)dt — g(T — t;u) A —dt+ (3.7)

+ Ao J (e“x“’”‘(T;“) — 1) x(dz, dy)dt,
RxRxg

12



where ‘loc. mg.” denotes a local martingale part that we need not compute
explicitly. We see that the dt-terms vanish, if

T

atrin) = B (u. |

. k(T — 8)g(s; u)ds),

i.e. if the generalized convolution Riccati equation (3.5) has a solution for
0<7<T-t

To show that there exists a unique global solution of (3.5), we set H, (w) =
Ry (u,w),u € (0,1) and show that H, satisfies the conditions of Corollary A.7.
In particular, for all u € (0,1),

e H,(w) is a finite, strictly convex function on (—o0, 0] and satisfies H, (0) <
0;

e H,(w) has a single root H,(wy(u)) = 0 in (—o0,0].

Indeed, note that strict convexity is inherited from ¢, cf. (3.4). In addition,
convexity of the exponential function implies, for u € (0, 1), that

U — pur+(1—u)-0 < ue® + (1 _ u)eO <wue® + 1,

and hence that

0 Q0
H,(0) = J (e" —1 —ue”) ((dx) —s—f (e™"" —1—ue *)((dx) < 0.
0 0
Finally, the existence of the root wy (u) follows from the fact that
«© +
lim (e(ﬂ”'f“’)z —-1- ’yiwx> ¢(dz) = 400,
w——00 0

which implies that lim,,—,_o H,(w) = +0o0. In summary, H, satisfies all con-
ditions of Cor. A.7 and we conclude the existence of a unique global solution
g(t;u) of the Riccati equation for all uw € (0,1). Moreover, g(t;u) < 0 for
all (t,u) € Ry x (0,1) by estimate (A.11). We can add the boundary cases
u € {0,1}, observing that they yield the constant global solution g(¢;u) = 0,
which must be unique by [GLS90, Thm. 13.1.2]. From (3.7) we conclude that
M; = exp(uX; + Gy) is a local martingale. From ¢(t,u) < 0 it follows that M is
bounded and hence a true martingale. By the same argument as in (2.17) this
shows the affine CGF (2.3). O

Ezample 3.2 (The bivariate Hawkes process of [EER16]). Consider (3.1a), driven
by a bivariate Hawkes process (Jt,J~) with unit jump size (i.e., ((dz) =
01(dz)), common kernel ¢, and common intensity A;, given by

¢ 1 1
At = +f¢t—5 (dJ*erJj),
t iu’ 0 ( ) ’Y+ S ,y_ S
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as in [EERI16, Sec. 2]. Assume that '%* + */% = 1 and that ¢ satisfies the

stability condition SSO #(s)ds < 1.2 Then the kernel ¢ has an ‘inverse kernel’
(cf. [BMM15, Def. 2]), also called ‘resolvent’ of ¢ (cf. [GLS90, Ch. 2], [JLP17,
Sec. 2]), which is defined as solution of the functional equation

K*d=kK—¢. (3.8)

In terms of this inverse kernel k, the Hawkes intensity A has the martingale
representation (cf. [BMM15, Eq. (45)])

t t

K(t —u)du + f K(t —u)dJy,

)\t:M‘FMJ
0

0

with J* as in (3.3). Taking conditional expectations and using the martingale
property of J* yields

T t

k(T — u)du + J K(T = u)dJ),

B[l 7l =t |
0

0

and hence _
d&y(T) = dE [ Ar| Fi] = (T — t)d.J},

which shows that the model can be cast as AFI model with kernel x. Denoting
by ¢,k the Laplace transforms of ¢, k, the resolvent equation (3.8) becomes

Reop=h—o, (3.9)

after taking Laplace transforms. For concrete specifications of ¢ this allows to
find the corresponding x. Consider, for example

¢

d(z) = Ce~ATOT  with Laplace tf.  ¢(z) = e (3.10)
Tor this ¢ we obtain from (3.9) the ‘inverse kernel’
k(z) = e~ with Laplace tf. k(z) = L,
1+ A

i.e., the kernel of the Heston model in forward variance form; see Example 2.8.
Furthermore, the Hawkes kernel

d(x) = C2* By 0(—(\ + O)z®) (3.11)

has Laplace transform ¢(z) = /(2 + A + () (cf. [HMS11, Eq. (7.5)]). Thus its
resolvent is
K(x) = (e By o(—A2%), (3.12)

the kernel of the rough Heston model in forward variance form; see Example 2.9.

2The stability condition ensures stationarity of the process (J*,J7), cf. [BMM15].
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4 High-frequency limit of the AFI model

We proceed to show that the AFV model is the high-frequency limit of the AFI
model. This limit is closely related to the limits of ‘nearly unstable’ Hawkes
processes considered in [JR15, JR16, EER16], see Example 4.3 below.

4.1 A first convergence result

We introduce a small parameter ¢ and rescale(3.1) as
dXf = —X_mxdt +dJoT —dJ5~, (4.1a)

1~ 1~
deS(T) = k(T — 1) <7+de’+ + fdeev—) : (4.1b)

where J9* are independent pure jump semimartingales with (conditional) in-
tensity
A=A, &(T) = E[XNF| Fi] = &(T),
and jump height distribution
(“F(dzx) = ((dz/Ve).

Thus, as € | 0, the frequency of jumps increases proportional to 1/e, while the
size of jumps shrinks proportional to /e. The kernel is scaled as

and the initial conditions of (4.1) are given by X§ = X and &5(T) = 1&,(T).

€
Under the given scaling, the quantities from (3.4) and below transform as

P(u) = p(Veu)
mk = Y(ve) + ¥(—+e)
mg = +/emg
and we write
R (u,w) = ¢ (u+ wy™) + (= u+wy>") —um§ — wm.

Lemma 4.1. Given 4% > 0 and the jump height distribution ((dx), set

M =vVOVT R e=hl fwx%(dx)
0

o0 + —
7T
a= QJ 22((dx), p=-—
0 V2[4l
Then
N R a® 5 ? 5
hII(l) —R(u,w) = ?( —u) + acpuw + SW = Ry (u, cw)
e—0 €

15



with Ry (u,w) as in (2.8). Moreover, also the partial derivatives with respect to
u and w converge, i.e.

10R¢ ORy a?
= - & =% (ou—1

lim = —~ (u, w) Ew (u, cw) 5 (2u —1) + acpw
10R¢ O0Ry

lim - _ _ ,

lim =—— (u, w) w (u, cw) = cw + apu

Rww) = [ w)can) (12)
where
b5 0,0) = —u(eV® + V) — (ot et
+ exp ((u + uw*)\@x) —1+exp ((—u + wf)\/Ex) -1

Expanding in powers of y/ex yields

b ) = ea? (02 =) unly” —07) 4 5 (007 + (7)) +O(2).

Hence,

1 @ 2
lim - R (u, w) = J z?((dx) - <u2 —u + V2| puw + u;|’y|2> = Ry (u, cw),
C

e—0 € )

where exchanging limit and integral is justified by dominated convergence and
the integrability condition § e*(dz < 0.
To show the convergence of partial derivatives, we take partial derivatives
in (4.2) to obtain
OR* “© 0be
U, W) =
ou (v, w) 0 Ou
Since R is convex, its difference quotients converges monotonically, and mono-
tone convergence can be used to exchange derivative and integral. Expanding
2b°

S (2;u,w) in powers of /ex, a direct calculation yields the desired limit. The
)

proof for the F7--derivative is analogous. O

(z; u, w)((dx).

Combining Lemma 4.1 with Theorem 2.5 and 3.1 yields a first distributional
convergence result.

Proposition 4.2. Let (X¢,&¢) be the rescaled AFI model (4.1). Define a,p,c
as in Lemma 4.1 and set ky (x) = ck(x). Then, for any t =0,

X; 9 X, in distribution, (4.3)

where (X, €) is a forward variance model with parameters a and p, and kernel
Ry .
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Proof. By Theorem 3.1, ¢g°(¢;u) in the CGF (2.3) of X€ is the unique global
solution of the generalized convolution Riccati equation (3.5) and hence satisfies

1g°(t;u) = LR° (u,ni *ge(t;u)> = 1R (u,n* (%ge) (t;u)). (4.4)

Note that %Re(u,w) is jointly continuous in all variables, and by Lemma 4.1
converges to Ry (u,cw) as € — 0. By Corollary A.7 (4.4) can be transformed
into a non-linear Volterra equation of type (A.6), whose solution depends jointly
continuous on (¢,€,u) by [GLS90, Thm. 13.1.1]. We conclude that %ge(t;u)
converges, uniformly for (¢,u) in compacts, to g(t;u) as € — 0, where g(¢;u) is
the unique solution (cf. Theorem 2.5) of

g(t;u) = Ry (u, ck * g(t; u)) = Ry (u, Ky * g(t; u))

Using Theorems 2.5 and 3.1, we conclude that

2o ] = o (uxo+ [ ot - sgiogas) -
exp (uXo + Ltg(t — 55 u)&)(s)ds) =E[e"¥],

as € — 0, i.e., the moment generating function of X; converges to the moment
generating function of X; on w € [0,1]. By [Bil86, Prob. 30.4], convergence of
moment generating functions on a (non-empty) interval implies the convergence
in distribution in (4.12). O

The following example shows that the scaling in (4.1) is related to the ‘nearly
unstable’ limit of Hawkes models in [EER16].

Ezample 4.3 (Nearly unstable limit of bivariate Hawkes processes). We continue
Example 3.2 and consider the bivariate Hawkes process from [EER16] with
Mittag-Leffler kernel (3.11). Introduce a small parameter € and scale the kernel
as

¢e(37) = %xa_lEa,a<_()‘ + %)xa)

In terms of its Laplace transform, this scaling becomes ¢ (z) = ¢/(e(z* + ) +¢).
In particular, we have

¢
= — 1
eEX+ ’

jwmqu—&m
0

i.e. as € — 0 the stability condition of the Hawkes process approaches the
critical value 1 (hence ‘nearly unstable’). From (3.9), the Laplace transform of
the resolvent kernel x.(x) can be determined as

fy = 0B e
‘ 1—¢(z) 2%+
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and thus the resolvent kernel is given by
Ke(x) = %xo‘_lEma(—)\xO‘) = Lk(x).

Together with square-root scaling of the jump size we are exactly in the setting
of (4.1) and conclude from Proposition 4.2 that the (univariate) marginal distri-
butions of X converge to those of the corresponding AFV model, i.e. the rough
Heston model (cf. Example 2.9). Theorem 4.9 below strengthens this result to
convergence of all finite-dimensional marginal distributions. o

4.2 The joint moment generating function

In this subsection, we derive results on the joint moment generating function of
log-price and forward variance and of the finite-dimensional marginal distribu-
tions of X.

Assumption 4.4. We assume that (X&) is either an AFV model (2.1) or an
AFT model (3.1), and we write R(u,w) for the corresponding function Ry (u,w)
or Ry(u,w). In addition we denote, for any u € (0, 1), by w,(u) the unique root
where

R(u,wy(u)) =0, and wy(u) <O0.

Note that the function R(u,w) has already been studied in the context of
affine stochastic volatility models in [KR11, Lem. 3.2ff]. In particular, we note
that R(u,w) and wy(u) are convex functions for « € [0,1],w < 0 and continu-
ously differentiable on the interior of their domain.

Proposition 4.5. Let (X,¢) be an AFV or an AFI model and let R(u,w) and
wy(u) be defined as in Assumption 4.4. Let A > 0, T = T + A, and let h
be a piecewise continuous Reg-valued function on [0,A], such that wy(u) <

S()A k(A — s)h(s)ds. Then

-
E lexp (uXT + J (T — s){T(S)dS> ‘}—t‘| =

T
T
= exp (uXt + f g(T" — s;u, h)ﬁt(s)ds> , (4.5)

where g(.;u, h) : Rsg — Rgq is the unique solution of the (generalized) convo-
lution Riccati equation

t

g(t;u,h) = R(u,J K(t — s)g(s;u,h)ds), te[A, ) (4.6)
0
with initial condition
gltu ) =), te[0,A). (47)

18



Remark 4.6. Note that the expression (4.5) for the joint moment generating
function does not correspond to the exponential-affine transform formula (4.6) of
[JLP17]. Specifically, h constant in (4.5) would give the joint moment generation
function of X7 and the forward variance swap S; ér(s)ds. In contrast, f
constant in (4.6) of [JLP17] would give the the joint moment generation function
of Xt and quadratic variation Sg Vs ds.

Proof. The existence of a unique, R¢g-valued solution to (4.6) with initial con-
dition (4.7) follows from an application of Corollary A.8 with H,(w) = R(u,w).
In the proofs of Theorem 2.5 and Theorem 3.1, we have already established
that H, satisfies the necessary conditions to apply the corollary. Next, we de-
fine G& = StT g(T" — s;u, h)&(s)ds and specialize to the forward variance case.
By Lemma 2.10, it holds that
TI
dG2 = —g(T' — t;u, h)Vidt + J g(T" — r;u, h)k(r — t)dr | VidW,.
t

Applying Itd’s formula to M2 = exp(uX;+G%), as in the proof of Theorem 2.5,
we see that MP is a local martingale on [0, T if

g(T" — t;u, h) —R(u,f
¢

Setting 7 = T —t € [A,T'] this is exactly (4.6). We conclude that M2 is a
local martingale on [0,7"], and — being bounded — even a true martingale. Using
the initial condition (4.7), we observe that

T

g(T" — ryu, h)k(r — t)dr) :

T

-
E lexp (UXT + J hT" — S)fT(S)dS> ‘ftl =E [MTA‘ Fi] =

T/
= M; = exp <uXt +J
t

showing (2.3). The proof in the AFI case is analogous with the following modi-
fications: W, has to be substituted by the pure-jump martingale th and V; by
the intensity A\;_. Itd’s formula for jump processes can then be applied as in
the proof of Theorem 3.1. O

g(T/ —S5Uu, h)gt(s)d‘S) )

Proposition 4.7. Let (X,€) be an AFV or an AFI model and let R(u,w)
and wy(u) be defined as in Assumption 4.4. Let tg < t; < - +t, = T and
u = (Ug,y...,Un—1) € (0,1)™ be such that wy(up) < wy(uz) < -+ Wy (Up_1).
Then, for all k€ {0,...,n— 1},

E [exp (uk(thJrl — th_) + e+ Un—l(XT — th—l))|ftk] =

T
= exp <£ g, (T — s;u)ftk(s)ds> , (4.8)

k
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where the functions gy are recursively defined as the solutions of the convolution
Riccati equations

gr(t;u) = R(uk7f

0

K(t — 8)gr(s; u)ds), te [T —tgs1, T —tr) (4.9)

with initial conditions

ge(t;u) = ger1(tiu), €[0T —tgi). (4.10)

Remark 4.8. Note that for k¥ = n — 1 equation (4.9) becomes a (generalized)
convolution Riccati equation without initial condition and (4.10) becomes void
(i.e. a condition over an empty set).

Proof. We show the result by backward induction on k: For k = n — 1 the
proposition is equivalent to Theorem 2.5, when (X, ) is an AFV model, and to
Theorem 3.1, when (X,¢) is an AFI model. Setting Ay := T — t;, we obtain
from (A.15) in Corollary A.8 that

Ap_1

Wy (Up—1) < L K(Ap—1 — 8)gn—1(s;u)ds. (4.11)

For the induction step assume that (4.8) has been shown for a certain k& and
that (4.11) holds with n — 1 replaced by k. Writing

L1 1= exp (uk,l(th - X )+ Fun(Xr — Xt,,L,1)>

and applying the tower law of conditional expectations, we have

B[ Zk1| Fu_, ] = Eexp (ux—1(Xe, — X4, ) - B[ Z0| F 1| Fo ] =

T
=E lexp <uk1(th - th71) + f gk(T - S;U)gtk (S)d8> ftk1‘| :
tk
we may apply Proposition 4.5 with Ay and obtain (4.8) with gx_; as solution
of (4.9) with initial condition (4.10). Finally, (4.11) holds with n — 1 replaced
by k — 1, using the estimate (A.15) from Corollary A.8. O

Since

Ay
Wy (up—1) < wg(ug) < Jo k(A — 8)gk(s;u)ds

4.3 Convergence of finite-dimensional marginal distribu-
tions

Theorem 4.9. Let (X€ £°) be the rescaled AFI model (4.1), define a, p,c as in
Lemma 4.1 and set ky(z) = ck(xz). Then, for any n € N and 0 = t5 < t1 <
oty =T,

(X, XE) =% (X, .., Xy,)  in distribution, (4.12)
where (X, €) is the AFV model with parameters a, p,c and kernel Ky .
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Proof. By Lemma 4.1 1 R¢(u, w) converges to Ry (u, cw) and the same holds true
for the partial derivatives with respect to w and w. Therefore, by the implicit
function theorem, also wg (u) and %wi (u) converge to Lwy(u) and 1wl (u) as
e — 0 for all u € (0,1). Moreover, since the w§ are convex functions of u, the
convergence is uniform on compacts (cf. [Roc70, Thm. 10.8]). The limit 1w, (u)
can be calculated explicitly and is given by

Lua(u) = & (—pu+ VPP + (w—1))

It is easy to see that w, is decreasing on (0, u4) and increasing on (uy, 1), where

11-lp] if pe (0,1
“ :_{?1,,2 pe(0,1)
1

if |p| = 1.

We conclude that there is N € N and a closed interval I < (0, uy) with non-
empty interior, such that u — wy(u) and u — w& (u) are decreasing on I for all
€ < 1/N. Introduce the set

D:={uel:uyzus > - =up1}<(0,1)"

and note that also D is closed with non-empty interior. In addition, w§ (ug) <
ws(ug) < - wh(up—1) for all u = (ug,...,up—1) € D and € < 1/N, and the
same holds for wy. From Proposition 4.7 we conclude that the joint moment
generating function of the increments (X{ — X7, Xf — Xf,..., X{ — X{ )
is of the form

Z(u) =K [CXp (uo(Xf1 - Xfu) +oe U1 (X7 — an,l))] =

T
= exp (J 96(T — s;u)&s, (s)ds) ,

0

for any w € D and € < 1/N, where g§ satisfies the iterated Riccati convolu-
tion equations (4.9) with R(u,w) = R(u,w). By Corollary A.8 each of these
equations can be transformed into a non-linear Volterra equation, whose solu-
tion depends continuously on (e,¢,u) by [GLS90, Thm. 13.1.1]. In addition,
Lemma 4.1 yields the convergence 1 R¢(u,w) — Ry (u,cw). Hence we conclude
— as in the proof of Proposition 4.2 — that 1g§(t;u) converges, uniformly for
(t,u) in compacts, to go(t;u) as € — 0, where go(t;u) is the unique solution
of the iterated Riccati convolution equations (4.9) with R(u,w) = Ry (u, cw).
Consider now the joint moment generating function Z(u) of the increments
(X, — X4y Xo, — Xoyy oo, Xy, — Xt,_,) of the AFV model with parameters
a,p and kernel Ky = ck. The convergence 1g§(t;u) — go(t;u) together with
Proposition 4.7 yields

0 0

T T
Z(u) = exp (J g6(T — s)fé(s)ds) — exp (J go(T — s;u)ﬁo(s)ds> = Z(u)
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for all uw € D. By [Bil86, Thm. 29.4 and Prob. 30.4] convergence of the moment
generating function on a set with non-empty interior implies convergence in
distribution, and (4.12) follows. O

5 Summary and Conclusions

Starting from a generic formulation in forward variance form of a stochastic
volatility model, we have given necessary and sufficient conditions for such a
model to have an affine cumulant generating function (CGF). In addition, we
have shown that this CGF can be expressed in terms of the unique global solu-
tion of a convolution Riccati equation. We have introduced the class of affine
forward order flow intensity (AFI) models and have shown that these model
also have an affine CGF, which can be expressed in terms of the unique global
solution of a generalized convolution Riccati equation. We have further shown
that affine forward variance models can be obtained as the high-frequency limit
of appropriately rescaled AFI models. Finally, we have computed joint moment
generating functions of the terminal log-stock price and forward variance curve
in AFV and AFT models.

A Some results on Volterra equations with con-
vex non-linearity

We show some results on Volterra equations with convex non-linearity, of the
type appearing in Theorem 2.5 and 3.1. On the non-linearity we impose the
following assumptions:

Assumption A.1l. The function H : (—0,wWmax| — R is continuously differ-
entiable and convex with a unique root H(wy) = 0 in (—0, wyax]. Moreover,
H'(wy) <0 and H(wmax) < 0.

For a function H satisfying Assumption A.1, we set

wo = argmine (o o, H(W);

if the minimum is not unique (i.e., if H has a flat part), then wq shall denote
the leftmost minimizer. Note that either

® W) = Wpax, in which case H is strictly decreasing on (—00, Wyax]; or

e Wy < Wmax, in which case H is strictly decreasing on (—o0,wp) and in-
creasing on [wop, Wmax]-

In any case, wy < wg < Wmax holds true. Also the following definition will be
useful:

22



Definition A.2. Let H be a function satisfying Assumption A.1. The decreas-
ing envelope of H is defined as

qH H(U}), w < wo
H(w0)7 w e [’U}O, wmax] .

(A1)

Clearly H also satisfies Assumption A.1, but is in addition decreasing and
satisfies H < H. Both Assumption A.1 and Definition A.2 are illustrated in
Figure 1.

W W, w
Wy Wmax = Wy \* 0 max
1 w : w

HQ(’LU)

Hi(w) = — — Ha(w)

Figure 1: Illustration of two convex functions Hy, Hs satisfying Assumption A.1.
While H; is monotone decreasing, Hs is not, and its decreasing envelope H is
also shown.

Lemma A.3. Let H : (—0,Wnas] — R be a convexr function that satisfies
Assumption A.1; in particular it has a root H(wy) = 0. Then

(a) For any a € (W, Wiz the function
.
w H(C)

maps (w, a] onto [0,00); is strictly decreasing, and has an inverse Q7 *(r, a),
which maps [0,0) onto (wy,al.

w— Q1(w,a) = — (A.2)

(b) For any a € (—o0,wy) the function
oo
o H()'

maps [a,wy) onto [0,00); is strictly increasing, and has an inverse Q3 (1, a),
which maps [0,0) onto [a,wy).

w— Qo(w,a) =

(A.3)

Remark A.4. Analogous to (A.2), we denote by @, the function
_de

LHQ (4-4)

w H@l(w7a) = -

where H is the decreasing envelope of H.
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Proof. To show (a), note that the integrand —1/H({) is strictly positive on
(wy,a). Tt follows that Qi(.,a) is strictly increasing and maps (wy,a] into
[0,00). It remains to show that range of this map covers all of [0,00). To this
end, observe that by convexity we have

H(w) = H (wy)(w — wy), for all w € (—00, Winax], (A.5)
and H'(wy) < 0. Thus, we obtain

“ g 1A
am Qe == | FGZ T E ) )y, (e

The proof of (b) is analogous; only the different sign of H on (—o0,wy) has to
be taken into account. O

Theorem A.5. Let k be a positive, continuous, and decreasing function in
L1 (Rxq) and let H be a convex function that satisfies Assumption A.1; in par-
ticular H(wy) = 0 is its unique root in (—00, Wyaz]- For any continuous function
a:Rsg — (=00, Wnaz] consider the non-linear Volterra equation

£6) = a(t) + f K(t— ) H(f(s))ds,  teRag. (A.6)

0

(a) If a is increasing with values in (wy,wo| then (A.6) has a unique global
solution f which satisfies

wy < 711(t) < f(t) < alt), Vit >0, (A7)
where 11 (t <So s)ds, a( ) and Q1 is given by (A.2).

(b) If a = wy then f = wy is the unique global solution of (A.6)

(c) If a is decreasing with values in (—0,wy) then (A.6) has a unique global
solution f which satisfies

a(t) < f(t) < ra(t) < wy, Vit>0, (A.8)
where ro(t (So s)ds, a( )) and Q2 is given by (A.3).

In addition, case (a) can be extended to the following more general statement:

(a’) If a is increasing with values in (Wy, Wmaz] then (A.6) has a unique global
solution f which satisfies

wy < T1(t) < f(t) < alt), Vit >0, (A.9)

where 71 (t (So s)ds, a(0 ) and Q, is given by (A.4).
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Remark A.6. Clearly, if H is decreasing (and hence wg = wmax), cases (a) and
(a’) coincide. In the general case (a) gives better bounds on f than (a’), but is
more restrictive in its assumption on the function a.

Before proving the theorem, we add two Corollaries that are used in the
proofs of Theorems 2.5, 3.1 and 4.9.

Corollary A.7. Under the assumptions of Theorem A.5, consider the non-
linear integral equation

o) = H (a(t) + f (t — s)g(s)ds) . teRs (A.10)

0

(a) If a is increasing with values in (wy,wo] then (A.10) has a unique global
solution g which satisfies

H(a(t)) < g(t) < H(r(t)) <0, Vit >0. (A.11)

(b) If a = wy then g =0 is the unique global solution of (A.10).

(c¢) If a is decreasing with values in (—o0,wy) then (A.10) has a unique global
solution g which satisfies

0 < g(t) < H(ro(t)) < H(a(t)), vt > 0. (A.12)

In addition, case (a) can be extended to:

(a’) If a is increasing with values in (Wy, Wimay] then (A.10) has a unique global
solution g which satisfies

g(t) <0, Vit >0. (A.13)

In any of the above cases, g(t) = H(f(t)), where f is the solution of (A.6).

Corollary A.8. Let the assumptions of Theorem A.5 hold with wy,q, = 0. Let
A > 0 and let h be a piecewise continuous function from [0, A) to R¢g. Consider
the non-linear integral equation

o(t) = H (f (- s)g(s)ds> L te[A ), (A.14)

0

with initial condition
g(t) =h(t), tel0,A).

If wy < S()A K(A — s)h(s)ds, then (A.14) has a unique global solution g taking
values in Rgg, which satisfies

t
wy < J k(t—8)g(s)ds for allt = 0. (A.15)
0
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We start with the proof of Theorem A.5, which closely follow the account of
Lakshmikantham’s comparison method in [BS13, Sec. IL.7].

Proof of Theorem A.5. Clearly, H can be extended to a continuous function on
all of R and thus it follows from [GLS90, Thm. 12.1.1] that (A.6) has a local
continuous solution f on an interval [0, Tinax) With Tiax > 0. In addition, Tiax
can be chosen maximal, in the sense that the solution cannot be continued
beyond [0, Tinax)-

Case (a): By assumption, a is increasing and takes values in (wy, wo]. Set

Ty :=1inf {t € (0, Thax) : f(t) = wy or f(t) = a(Timax)} (A.16)
and note that Ty > 0. From (A.6) it is clear that
i) =a(t) + Jt k(t—8)H(f(s))ds < a(t) < a(Tmax), Vte[0,Ty), (A.17)
0

i.e. the lower bound wy in (A.16) is always hit before the upper bound a(Tjnax)-
In addition, using that the kernel x is decreasing, we obtain that

f@) =a(t) + L k(t—s)H(f(s))ds < a(T) + L k(T — s)H(f(s))ds :=v(t,T)
(A.18)

for all 0 < t < T < Tx. The function v(¢,T), which we have just defined,
satisfies

and the differential inequality

%v(t, T) = w(T — Y H(f(t)) = (T — t)H(v(t, T)). (A.21)

Here, where we have used (A.18) and the fact that H is decreasing on (ws, wo].
Together with the initial estimate (A.20), a standard comparison principle for
differential inequalities (cf. [Wal96, 11.§9]) yields

o(t,T) = r(t,T), (A.22)
where
0
%T(t’T) =r(T —t)H(r(t,T)), r(0,T) = a(0). (A.23)
We claim that the differential equation (A.23) is solved by

r(t,T) = Q7" (Lt w(T — s)ds, a(o)> : (A.24)
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Indeed, applying Q1(.,a(0)) to both sides of (A.24) yields

t B B a(0) dC
[ 5= sas = Qa0 = - [ s

Taking %—derivatives, we obtain
1 0

k(T —t) = mar(

t,T)
which is equivalent to (A.23). From (A.18), (A.19) and (A.22) we obtain the
bound
Y <1 _
ri(t) : lTHftlT(t’T) < lTlrlrgv(t,T) (@) (A.25)

for all ¢ € [0,T%). This implies that

lim f(t) =7 (Ty) > wy, (A.26)

t—Ty

which, in light of (A.16), means that Ty = Tpax, i.e. we have shown the
bounds (A.7) to hold for all ¢ € [0, Tiax). However, by [GLS90, Thm. 12.1.1]
lime 7, . |f(t)] = 0o whenever T ax < 0. We conclude that Tiax = o0, and
hence that f is a global solution of (A.6). Uniqueness follows from [GLS90,
Thm. 13.1.2].

Case (b): By assumption, a = wy. Since H(wy) = 0 it is clear that f(t) = wy
is a global solution of (A.6). Uniqueness follows from [GLS90, Thm. 13.1.2].
Case (c): By assumption, a is decreasing and takes values in (—o0, wy]. This
case can be handled analogous to case (a) with the following adaptations: The
inequality signs in equations (A.17) — (A.22) have to be reversed. In (A.24) @,
has to be substituted by Q2 and also in (A.25) and (A.26) the inequalities have
to be reversed.

Case (a’): The proof of Case (a) applies, except for the following modification:
(A.21) holds only when v(¢,T) < wy, since H is decreasing only on (—o0, wp].
However, when v(t,T) > wg, we can use the trivial estimate

L1, T) = KT~ (1)  K(T — 1)H (o),

which can be combined with (A.21) into

%v(t, T)=r(T —t)H(f(t)) = k(T —t)H(v(t,T)),

where H is the decreasing envelope of H from Definition A.2. The remaining
proof of Case (a) applies after substituting H by H and Q1 by Q. O

Proof of Corollary A.7. Let f be the global solution of (A.6). Applying H to
both sides of (A.6), we see that g(t) := H(f(t)) is a global solution of (A.10).
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Next, we show uniqueness. To this end, assume that § is a local solution of
(A.10) on [0,T), different from g and define

f(t) = a(t) + J k(t — s)g(s)ds.

0

Clearly, §(t) = H(f(t)) on [0,T), and hence f is a local solution of (A.6). By
[GLS90, Thm. 13.1.2], this solution is unique, and we conclude that f: f,and
hence also § = ¢. Finally, applying H — which is decreasing on (—o0, wg] — to the
inequalities (A.7) and (A.8) yields (A.11) and (A.12). In case (a’) monotonicity
of H is lost, but H(w) <0 for all w € (wy, Wmax] yields (A.13). O

Proof of Corollary A.8. Set
A
a(t) := J k(t+ A —s)h(s)ds
0

and note that a is increasing with values in (wy,0]. Consider the non-linear
Volterra equation

t
£ = a(®) + | w(t = ) H(7()ds (A2
0
which has a unique global solution f by Theorem A.5.(a) or (a’). For ¢’ € Ry
set
o [HUE-2) velaw)
h(t") t'e[0,A)

For ¢ = A we have

gt Yy=H(f( —A)=H (J k(t' — s)h(s)ds + J k(t — s)g(s)ds) =

0 A

=H (Jo k(' — s)g(s)ds) ,

showing that ¢ is a global solution of (A.14). From cases (a) or (a’) of Theo-
rem A.5, we obtain the bound

we < f(t' — A) =L k(' — 8)g(s)ds,

as claimed. To show uniqueness, assume that g is a solution of (A.14), different
from g. Setting

f(t) = alt) + f Kt — $)G(s + A),

0

we see that f is a solution of (A.27) and conclude from Theorem A.5 that f=f
and hence also § = g. O
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