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Abstract

In this paper, we revisit the ”Smile Dynamics” problem. In a previous work,
Bergomi built a class of linear stochastic volatility models in which he specified the
joint dynamics between the underlying and its instantaneous forward variances. The
author introduced a quantity, which he called the Skew Stickiness ratio, in order to
relate two quantities of interest: the first quantity is the correlation between the in-
crements of the at-the-money implied volatility of maturity 7" and the log-returns of
the underlying, while the second quantity is the implied skew of the same maturity 7.
In our work, we continue the study of the Skew stickiness ratio both from theoretical
and empirical point of view. First, we provide a method to estimate the SSR (skew
stickiness ratio) from option prices, this measure is called the implied SSR as it is
conducted under the risk-neutral pricing measure Q. Next to that, we recall how to
measure the realized SSR under the real-world probability measure P and we point out
empirically that there is a discrepancy between the implied SSR and the realized SSR.
The empirical study shows also that the implied SSR, in the limit of short maturities,
can take a value superior to 2 which is in discordance with the results obtained in
linear stochastic volatility models. For this reason, we show that the positive quantity
(SSRirmplied —2) is coherent with the presence of jumps in a stochastic volatility model.
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1 Introduction

The leverage effect is a well known feature in the equity markets, it has been deeply studied
and documented by several authors (see [Bekaert and Wu(2000)|, [Bouchaud et al.(2001)Bouchaud,
Matacz, and Potters], [Bollerslev et al.(2006)Bollerslev, Litvinova, and Tauchen]|, |Ciliberti
et al.(2009)Ciliberti, Bouchaud, and Potters]). This feature consists in the increase of the
volatility following negative returns of the underlying, which explains the negative skewness
of the underlying returns. The leverage effect influences considerably the derivatives prices.
Indeed, the volatility smile in the equity option market has the particularity to be skewed,
which means that the implied volatility is a decreasing function of the strike. Furthermore,
the increment of the at-the-money volatility is negatively correlated with the log-return of
the underlying, and this property is called ”the implied leverage effect”. The understand-
ing of this property is a subject of interest since it is crucial to perform an efficient option
delta-hedging strategy.

In [Bergomi(2009)], the author showed that the rate of decay of the at-the-money forward
skew is linked to the covariance between the at-the-money volatility increment and the
underlying log-return. Thus, he introduced a quantity called the Skew Stickiness Ratio
(SSR) in order to quantify the relation between these two features. In this paper, we build
on the work done in [Bergomi(2009)] and we conduct a study in order to understand the
information contained in the Skew Stickiness Ratio. In the second section, we propose a
model-free approach in order to estimate the SSR implied by option prices under the risk-
neutral probability measure Q. Following that, we carry out in the third section an empirical
study which aims to compare the realized SSR under the historic probability measure P with
the implied SSR under Q. We define also an arbitrage strategy which enables to monetize
the discrepancy between these two quantities. In the fourth section, we recall that, in the
framework of linear stochastic volatility models, the implied SSR tends to the value 2 in the
limit of short maturities. Since this property is contradictory with empirical findings, we
introduce a stochastic volatility model with jumps in order to justify that the implied SSR
can exceed the value 2 in the case of short maturities.

2 A model-free approach for implied Skew Stickiness
Ratio estimation

Let ops+(K,T) denote the implied volatility at time ¢ for strike K and residual maturity
T. We focus in this study on short maturity options (0 < 7' < 1). Thus, we can assume
that the risk-free interest rate is null (r = 0). We suppose that the implied volatility, can
be approximated for near the money strikes, by a quadratic function of the log-moneyness
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The Skew-Stickiness ratio, introduced by Bergomi in |[Bergomi(2009)], is a function of the
maturity 7" and is defined as:
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The quantity Ry can be interpreted using the linear regression of the daily increments of the
ATM volatility with maturity 7" on the daily log returns of the underlying:

dO’ATM’t(T) = RTSTd log(St) + T]dZt, (23)

where Z is a Brownian motion such that d (Z,log(S)), = 0. This implies:

dops (K, T) = Crd(log(S)), + <(RT - 1)Sr+2Cr 10g(%)> dlog(S;) + ndZ, + O(log(g)2> )

and then:
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dopsi (K, T) = Crd(log(S)), + (Rr — 1)Srdlog(S:) + ndZ, + O(log(g)) :
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If Ry =1 then E(dops.(K,T)|dlog(S:)) = O(Crdt), which means that the sticky strike rule
holds in average when Cy ~ 0. On the other hand, if Ry = 0 then E(dogs(K,T)|dlog(S;)) =
—Srdlog(S;) + O(Crdt). Thus, for Cr ~ 0, the sticky-delta rule, where the implied volatility
depends only on the moneyness, holds in average.

We aim here to estimate the value of Ry implied by option prices with maturity 7" without
using any assumptions on the dynamics of the spot process. All we need here is to find the
adequate value of Ry which solves the pricing equation of the option with maturity 7.

Let O(t, Si, K, T, oarpi(T —1), Sr—t,Cr—¢) = E%(e7 " T (S — K)T|F;) be the price at date
t of an European call option with residual maturity (7" — ¢) and strike K. Applying It0’s
Lemma yields:
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The implied volatility corresponding to this option is equal to ops(K,T — t), and then:
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It is supposed that » = 0, which is an admissible hypothesis here since (7' — t) is small. It
follows:
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Let the hypothesis H* be defined as follows:
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e H*: For T —t ~ 0, the quantities o7y, S,C don’t depend on (T — t), and then
ops(K,T —t) has no time dependence.

If the hypothesis H* is satisfied then 2228 = 9¢ and:
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In order to simplify the expressions, the following quantities x, 7 and d; are introduced:
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As explained in appendix (6.1)), for near the money options (z ~ 0), high order derivatives

of the option price C' can be approximated using Black-Scholes greeks. Indeed, the second
order partial derivative of C' with respect to the spot price S writes:
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In addition, the second order partial derivative of C' with respect to g7y can be approxi-
mated using di ¢, carn, * and 7:
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and finally the approximation of — can be given as:

8530

020 . TL(st)
9500 arm TArmaVT

Let Ky, be a strike inferior to the spot value Sy, and Ky be the ATM strike (Ky = S;). We
define a portfolio X that contains, at time ¢, a quantity equal to (—1) unity of the option

(x — (20 — O'ATM’tO/)) + O(\/F) + O(.rg) ) (2.6)



CT with strike K7, and a quantity equal to (+n;z) of the option C* with strike K. The
portfolio is delta-hedged continuously, and evolves as following;:

dXt = N¢H (dCtI{ — AtdeSt) — (dCtL — At’LdSt)

Using ([2.5)) and ({2.6)), it can be deduced that the terms a;cH and 2" are at order 1
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in /7, and then can be neglected for 7 ~ 0.
In order to cancel the spot gamma sensitivity of the portfolio, the quantity n, y is chosen as
follows:
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Thus, the portfolio X has the following dynamics:
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In order to simplify the notations, we introduce the following quantities:
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Under the risk-neutral probability measure Q, we have F(dX;) = rX;dt = 0, then:
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Based on (2.3), it can be deduced that d (carn), = R3Std (log(S)), + n*d(Z),. Thus, we
obtain the following equation:
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Under the simplifying assumptions that n ~ 0 and E<(dlog(S;)) = 0, the last equation
becomes:
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The resolution of the equation ([2.8]) enables to obtain the value of R%:
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where D, represents the discriminant of the quadratic equation (12.8)):

D, — ( n(di)z ) 52524 (log(S))? + 2Tyt ( Sin(d) ) S2d {log(9)),

VT VT g
3 Arbitraging the Skew Stickiness Ratio

Let RT be the value of the quantity Rz under the historic probability measure P, R} can
be determined using the linear regression of the daily increments of the ATM volatility with
maturity 7" on the daily log-returns of the spot process S:

dO’ATM’t(T) = RTSTd lOg(St) + UdZt,
then RY can be estimated as follows:
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In order to to make this measure less noisy, Rf o 1s computed in the the empirical study as
follows:
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We study the historic evolution of R} and R% and investigate the presence of discrepancies
between these two quantities.

3.1 Empirical study

We carry out an empirical study on the skew stickiness ratio using the results provided in
and . We use historical data from option markets and from underlying price series,
and we conduct the study on several assets including the SPX index, SX5E index, Financial
Select Sector (XLF), Technology Select Sector (XLK). We focus here on 3M options (T' = &)
which is consistent with the hypothesis of short maturity (7" ~ 0). The hypothesis H* is
supposed to be satisfied, and the quantity R% is obtained through the resolution of the
equation (2.8). We dispose of data ranging from 01/01/2007 to 07/08/2014. For every day
1, we estimate RZ-?T and RfT solutions of and respectively. In order to have two
quantities calculated on the same window of data and then easily comparable, we introduce
the quantity RST = Z;.:Z._ L RfT. The following graphs give the evolution of Rg:r and RfT
using the window parameter L = 50 Days:
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The inspection of the graphs above show that the quantity R% can be significantly larger
than the value of 2. This finding is contradictory with the characteristics of linear stochastic
volatility models. Indeed, Bergomi demonstrated in |[Bergomi(2009)], that in the setting of
linear models, the quantity R% converges to the value 2 in the limit of small maturities. In
addition, he showed that, in the case of time-homogeneous models and a flat term-structure
of variance, R% is restricted to the interval [1, 2]. This discrepancy was pointed out by the
authors in [Vargas et al.(2013)Vargas, Dao, and Bouchaud| who justified it by the existence
of a non-linear leverage effect in equity markets which can not be captured using linear
stochastic volatility models. Thus, the empirical study confirms the importance of use of



non-linear models on some assets like the SPX index for which the average value of RS is
the highest among the other examples.

In addition to that, it can be noticed that RT. is more oscillatory and unstable compared
to R%, and that there is generally a discrepancy between the values of these two quantities.
Bergomi pointed out in |[Bergomi(2009)] that R7 is inferior to 2 which is, in the setting of
linear models, the limit of RY when 7' tends to 0. This is true in average (but not always)
and raises the question of arbitraging the spread (R$ — RF). In [Bergomi(2009)], the author
tried to establish a trading strategy whose P&L is proportional to the spread (2 — R7). In
the next paragraph, we build on this work and we define a different strategy which aims to
take profit from the discrepancy between R% and R%.

3.2 Taking advantage of the Skew Stickiness Ratio discrepancy

Under the real-world probability measure P, the portfolio X, defined previously, has the
following dynamics:
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Using the definition of R given in (2.7), it can be deduced that:
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which is a function of the spread (R% — RY).

In the following, we run a backtest of a strategy which replicates the portfolio X. The
strategy consists in selling every day a 3 months option with moneyness 95%, buying the
quantity ny of options with moneyness 100%, and doing the necessary delta-hedging. The
portfolio is unwound the next day and started again. The scatter plots show the daily mark-
to-market P& L of the portfolio as a function of the theoretical P& L given by the analytic
expression of d.X;.



0
&
S oo
S o
S °
NOCE
% &5 °
o5 of o 3 &o
o © %7 )
- g’ - gv
3 3 8
o o
pet = o
g 2 81
© < o
£ £
© 3
0 T
x x
3 5 9
= = 8 —
(=}
0
S
S
S
o
T T T T T T T T T T
0.05 0.10 0.15 0.0002 0.0004 0.0006 0.0008 0.0010 0.0012 0.0014
Explained P&L Explained P&L
(e) SPX (f) XLF
g <
3 =]
o
fsed
[=3
S 4
(=}
4
3 g °
o o o
g S+ g %
g © 3 °
: ; :
o I3 ’
§E S 5
= ° =
o
S
s
o “
=4
o
o
8
S
] o
T T T T T T T T T T
0.0005 0.0010 0.0015 0.0020 0.0025 0.05 0.10 0.15 0.20 0.25
Explained P&L Explained P&L

Statistics on PnLL explanation | Regression slope | R-squared
SPX 0.704 0.699
SX5E 0.932 0.462
XLF 1.02 0.495
XLK 0.694 0.546

The scatter plots above and the R? of the regressions show how well the mark-to-market
P& L matches the theoretical P& L. It should be pointed out here that the difference between

these two quantities can be explained by several factors. Indeed, the quantities ngﬁ, g%;
o2C

and 57%=— are not exact but approximated at order 2 in x and 0 in 7, besides the hypothesis
ATM



H* is assumed to be verified, which may be a source of noise in the P& L when it’s not the
case.

4 Limit of the Skew Stickiness Ratio for short maturi-
ties

It was clear through the empirical study that R% can exceed the value of 2 when T" ~ 0.
This empirical finding is in discordance with the theoretical results established by Bergomi
in |[Bergomi(2009)] for the class of linear stochastic volatility models. In order to explain
this phenomenon, the authors in [Vargas et al.(2013)Vargas, Dao, and Bouchaud| proposed
an asymmetric Garch model which accounts for the non-linear leverage effect in the equity
market. This model can produce values of R% superior to 2 for a maturity 7" of the order of
several days. Meanwhile, for a 3 Months maturity (7" = 0.25), which is the maturity consid-
ered in the empirical study, the quantity R% produced by the asymmetric Garch model can
not be superior to 2. This is due to the fact that the implied at-the-money skew nearly coin-

cides with the quantity Skeg’% when T is of the order of several months (it can be precised
here that Skewnessr represents the skewness of log(g—g)). Consequently, the asymmetric

Garch model doesn’t justify theoretically the empirical observation R% > 2 for T'= 0.25.

In order to support theoretically this empirical observation, we propose here a model which
enables to obtain a value of R% superior to 2 when 7" ~ 0.

We suppose that, under the risk-neutral probability measure @), the spot process S has the
following dynamics:

ds,

o = (=R o1~ p2dW Y + o,0,dW 2 + (J, — 1)dN,
t

where N, is a Poisson process with intensity A, r is the risk-free rate, J; is a random positive
variable and k = E(J; — 1). The instantaneous volatility o; = o(Y;) is a deterministic
function of the stochastic process Y which evolves as follows:

4y, = bdw,? (4.1)

where d (WO, W) = 0.
It can be mentioned here that b, and p,; can also depend on Y}, that is:

be=0(Y:) ., p=pYs)

t
/ b2ds < oo
0

Let P, = e "TYES((Sy — K)*) be the price of an European call option on S with strike
K and maturity 7. Under the assumption that b and A are small, the following expansion

and:
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for the option price P can be made:
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Through the use of a singular perturbation technique in b and A, the option price P can be
approximated at order 1 in b and A by P as proved in ([6.2)):

p(ta St,ye) = Poo+bPio+ AP, (4.2)
where:
PO,0<t7Stayt) = PBS(ta Staa-(yt)aKv T) (43)
T—t 0P,
Pio(t, S, y) = 5 S (ye)o' (ye) pe 85(‘; . (4.4)
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where the operator ¢ is defined as:
o(P) = E(P(t,5.Jy)— Pt 5, y)
= [P < innid - Pe.s)

and f; is the probability density function of the random variable J.

Let I,(K,T) be the implied volatility of P, that is I,(K,T) is defined such that P/ =
Pps (t,S;, K, T, I,(K,T)). In order to approximate I;(K,T) at first order in b and A\, a
Taylor expansion of the implied volatility I;(K,T) is carried out in (6.3)) and we prove that:

L(K,T) = L(K,T)+O00+ )\ +b\),
where I,(K,T) is defined as follows:

. K K
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the quantities a, ¢ and d are defined as follows:
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A 15 1
+ 24E((J — 1) )(40(y) - o3(y) (T — t)>
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In the absence of jumps (A = 0), the quantity RS writes:

o () o (Ye)bepy + 2T — 1) (o' (e)* + o (ye) o (01)) o (2) bepy

R% - bipt 1 ?
2o (ye)o (ye)

then: limRp = 2.
T—0

Suppose now that the intensity of jumps is strictly positive (A > 0). For the ATM skew
a(p,b,\,T — t) not to be infinite when 7" = ¢, it can be supposed that E((J — 1)3) =
E((J —1)*). Thus, R$ has the following limit when 7" — 0:

N OBV
02@)( — m-) >),

limRT =2+
T—0

Consequently, according to this model, Ry can take a value superior to 2 when 7" — 0.

5 Conclusion

In this chapter, we conducted a study on the Skew-Stickiness Ratio. We provided a model-
free approach which allows to measure the SSR under the risk-neutral pricing measure Q
for a given maturity 7', this approach is free from any assumption on the dynamics of the
underlying asset. We also showed that the historical value of the SSR under the real-world
probability measure P can be different from its value under the pricing measure Q for short
maturities. Thus, we suggested a trading strategy which aims to monetize the difference
between R% and R7. We tested the suggested strategy on real data in order to show that
the assumptions made in the theoretical study are not too strong and that Mark-to-market
P& L stays well explained by the model. We focused then on the empirical observation that
R% may exceed the value 2 in the limit of short maturities. Since the asymmetric Garch
model fails to reproduce this result for 7" = 0.25, we proposed a stochastic volatility model
with Jumps that can reproduce this result.
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6 Appendix

6.1 Appendix 1
Suppose that:

ops(K,T) = carm <1 + aoarnr) log(E) + %ﬁ(UATM) (1085(5)) ) -

St St
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Recall that d; = %‘?}ST and dy = dy — ops/T, then the expression can be simplifies as
follows:
0? Sin(d 1
S? 85’% = 0;2(\/1; (1 —2z(a+ fz)(1 — ax — 56.%2) + 2%a? + o(x?’)) +O0(V7),
Stn(dl)
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can also be written using partial derivatives of Pgg:

The quantity 822 Q
AT

0%

9*Q 0*Pps , Oops ., OPpgs 0%0ps

2 _ 2 2

Using the expressions of d; and dy, we deduce that:
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Using the same method, we provide analytic approximation for % up to order 2 in x

and 0 in 7. Indeed:

6262 . (92PBS 8035 82PBS 8035 8035 8PBS 820'35
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6.2 Appendix 2
Let P be the price of an European option on the stock S with maturity 7" and payoff H(Sr):

P(t,S,Y, K,T) = e " T DES(H(Sy)|F).

Using [to’s lemma:
LP =0,

where the operator L is defined as follows:

oP 0P 0’P
= yStU(y)bt/Jt + Ap(P) —rP.

op , 0P PP 1PP,
ot 0S

Lp 252 "2 92" T 950

1
Si(r— Ak) + 55,5202(31)
where the operator ¢ is defined as:

o(P) = E(P(t,S.J.y)) - P(t,S.y)
- / P(t.54,9)f,()dj — P(t.5,y).

and f; is the probability density function of the random variable J. In order to separate the
terms in £ by their orders in b and A, the following differential operators are introduced:

9 0 1, 0
,CO,() = a + T(Sta—st — ) + 50’ (y)St a—StQ,
2
Liog = Sta(y)Ptm7
1 92

Loy = 207"
Lor = 6() - kST

0,1 — . taSta
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which implies:
LP = (Loo+bLig+bLog+Ao1)P=0 (6.1)

Under the assumption that b and A are small, the option price P can be expanded in powers

of b and A:
P = ) > NP, (6.2)
i=0 j=0

By insertion of (6.2) in (6.1) and regroupment of terms by their powers in b and A, the
following equations are obtained:

(0,0) : LooFoo =0,
(1,0) : LooPio+ L1oFop =0,
(0,1) : LooFPo1 + Lo1FPoo=0.

Using the zero-order term (0, 0), it can be seen that g is the solution of the equation:
Lps(o(y))Foo = 0,
with the final condition:
Poo(T, Sy, Yr) = H(Sr).
Then, Py, is the Black-Scholes price of the option with implied volatility equal to o(y):
Poo(t, S, Y:) = Pps(t, St,o(ye), K, T).
The equation of the (1,0)-term (at order 1 in b and 0 in \) shows that P verifies:

62P070

ﬁBS(U(y))PLo = _Sta@)ptM’

with the final condition:
PL()(T, ST, YT) = 0.

In order to determine P, o, we start by computing the term St0'<y>%28y£35<0'(y>):

0? 0? 5 ) o 5 02
Stcf(y)asayﬁgs(a(y)) = EBs(U(y))Sta(wasay +0%(y)o (y)StT&(Stg—%)
Let R(t, St,y:) be defined as follows:
0P, T —t)? ,
R(ta Stayt) = (T - t)Sto(yt)pt o0 ( ) 02(yt)0 (yt)PtDLSDz,SPO,O

950y 2

15



where D; g and D, g denote the two following differential operators:

0 0?2
Dyg = Sta_st , 53852
Then:
92P,
Lrs(o(u)R(E S, Y1) = =Sio(y)pi Sgyo

+ (T —1) (Sta( )828 Lps (o(y)) Poo — ptaz(y)gl(y)DI,SDZ,SPO,O)

+ (T = t)o*(ye)o" (y) pt D1,s D2, Poo

(T — t)2 2 /
5 ¢ (ye)0"(y) peD1,sD2.sLps (0(y)) Foo-

Since Lps (0(y)) Pop = 0, it can be deduced that:

Lps(o(y))R(t, Sy, = —Sio —
Bs(a(y))R(L, St, yt) 10 (Ye) pr 850y
and R(T, Sr,yr) = 0. Then, it follows that:
Pl,O(tvstayt) - R(t7 Stvyt)
82P070 (T — t)2 0 0? PO()

Pio(t, 5. Y,) = (T —1)Sio(y)p o*(y)o (yt)ptstast(sf 952 )-

0Soy 2
Using the relation between the Gamma and the Vega in the Black-Scholes model, it follows
that:

Pro(t, 5, Y:) = (T =1)Sa(y)o (yt)ptagapo(‘J) - (T;t) UQ(yt)U,(yt)pt(T(y)(Sji_t) agaioﬁ(g)/)

Tt 82P0 0

Finally, Py, satisfies the equation in the (0, 1)-term (of order 1 in A and 0 in b):

8P070
0S

Lps(o(y)) Pox = Sik — ¢(Poyo),

with the final condition:
P0,1<T, ST7 YT) - O
Then, since the operator L£gg (o(y)) commits with the operators ¢ and S-Z 55 1t follows:

8P070
08

Poa(t,S,Y:) = (T —1t)(o(FPop) — Sik).
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As a conclusion, the option price P can be approximated at order 1 in b and \ by P
P(t,Si,y) = Poo+0P1o+ APy,
where:

Poolt,St,yt) = Pps(t,St,o(y), K, T),

T —t , 0’ P,
Pio(t,Se,y) = Sio(yi)o (%)thg;),

2
0P,
PO,1<t7Stayt) = (T_t)(ﬁb(Po,o) — Sk a;,o)‘

6.3 Appendix 3
The option price P%7 can be approximated at order 1 in b and \ as:
PK’T = PQ,0+bP170+)\P071—|—O(b2—|—)\2—|—b)\).

Let I,(K, T) be the implied volatility of P*T which means that P/*" = Pgg(t, S;, (K, T), K, T).
Recall that if b = A = 0, then the constant volatility model is recovered and I,(K,T) = o(y;),
therefore I,(K,T) can be written at first order in b and X as:

L(K,T) = o(y)+bli4(K,T)+ Ao (K, T)+ O(b> + A\* 4+ bA)
Thus, we can perform the following Taylor development:
0Pgs

PtK,T — PBS<t7 Sta U(yt)) + 80’ | ( )
ol\y

(b4 (K,T) + Moy (K, T)) + O (b + A? + b))

Since Py = Pps(t, St,0(y), K, T), then by equalizing terms which have the same order in b
and A, it can be deduced that:

OPgs Tt 0?Py
L (K,T) = Pig= ! —_—

80_ |O’(yz) l,t( ) ) 170 2 Sto_(yt)o- (yt)pt 6580_
8PBS aF)O,O

[2,t(K> T) - PO,l — (T - t)(¢<P070) - kSt

90 o) a5 )

The term Py is a Black-Scholes price, then %QS%);J and ag’% have the following analytic

expressions:

82])0’0 _ _n(dl)dg
9S0da(y) a(y)

0Py

D = d)VT —t
aoty) W
where:

L s+ (T -1
1 o(y)vT -1
L log(hE) - W -
i o(y)VT —t

Fr = St€r(T_t)



By doing necessary calculations, it can be deduced that:

half.T) = %Zg)) log(Fi(T #

We aim now to give the expression of I5(K,T). Recall that:

)+ pi0’ (y)—=(T = 1)

0P,
Poi(t,Se,ye) = (T —1t) (¢(P0’0) — kot 6go>

Conditional on the variable J, and under the hypothesis that (J — 1) ~ 0, the quantity

Poo(StJ) can be written as:
6P070
)55

' Py 5
55 (Sy) +O((J —1)°)

82P070
05?

1
Poo(Se ) = Poo(St) + Si(J — Sp) + 5Sf(J —1)?

1
+ ﬂSf(J —1)*

() + 5SHT - 1)

83P070
053

(5t)

Then, we can take the expectation of the previous equation with respect to the distribution

of J, and we deduce that:

6P07() 82 PO,O

052 (5h)
64P070
054

1
E(Poo(SiJ)) = Poo(Sh) + Sek—2=(S1) + 55 E((J = 1))
&3Py

053

+ éSf’E((J —1)%) (Se) + 2—145?E<<J -1

We can then write that:

(Sp) + O(E((J — 1))

0%Py 0 33P0 0*Pyo
(K, 7) = (17— P TSISB ~17) + {ERESISB ~ 1) + 75 (S)SE (T - )Y
9o (y)
+O(E((J — 1))
Here again, since Py is a Black-Scholes option price, the quantities 861;%0 and 885‘10 have
analytic expressions:
83P0 0 n(dl) d1
Sy) = — 1+
g 1) o(y)VT —t tsg( o(y)vVT — t)
and:
9" Py (5) = 1 <d1n<d1) 1 N 2n(d1)>
98t T VT -t S} ST —t S}
o*(y)(T —t) St Sio(y)VT -t SP
Then using the definition of dy, it can be deduced that:
E(J-1)?) E((J-1)°) E(J-1)° K
L, (K,T) = — lo
2 T) = =500 o) 6T -0 EE,)
LB -1 4log(£) log(4)? 15 1 4 O(E(T - 1)
24 ST —t) oSy =1 doly) (T -1
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In conclusion, the implied volatility I,(K,T) writes I,(K,T) = I,(K,T) 4+ O(b? + A2 + b))
where:

. K K

]t(K7 T) = d(pa b7 >\7 T— t) + a(p7 b7 )‘7 T— t) 1Og(_) + C(p7 b7 >\7 T - t) IOg(—)

Fir Fir
and the functions a, ¢ and d are summarized as:
! E((J—1)3 ANE((J —1)*
AT _ oW B 1) ANE( -1
2 o(y) 603 (y)(T —t)  2403(y)(T —1)
ME((J —1)%)

240%(y)(T = 1)*

c(p,b,\, T —t)

E((J-1)?% | E((J-1)%
20(y) " do(y)

dp, b\, T —t) =0(y) + btpto’(y)#(T —t)+ N

6.4 Appendix 4

At order 0 in zp, the hedging ratio ny writes:

then:

Ft = SUBS KL,

82P§S U%S(KH7T) n<d1 L) aQPgIS
08*  ohs(KL,T) (d1 u) 05% )7

(
aQPBS UBS(KHyT) 352 = 0° P
(K, T) 2Pgs 0S% |’

1
= (K
S ops(Kr, T ( 952 ju— ) T
2 ( )
0?P,

2pL Ky, T)0*Pk
= S UBS KL7 a BS _ 755 il BS) )

(
652 UBS(KL,T) 852

— —S UBS(KLa ) (O‘Bs(KL,T)_O'BS(KHaT))y

852

Thus, the discriminant D, of the quadratic equation can be approximated at order 2 in xj,
as following:

_ i) st L4 (log(S)), di (aBs<KL,T>—aBs<KH7T>+

TO AT M

) SQd(log(S))t,
d (log(5)), )
O'ATM(T)dt '

For T ~ 0, we can make the approximation d (log(S)), = 047 (T)dt and then D, > 0 if
ops(Kr,T) — ops(Ku, T) + oarm(T) > 0.
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