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Motivation

VIX options started trading in 2006

How to build a model for the SPX that jointly calibrates to SPX options,
VIX futures, and VIX options?

Back in 2007, Jim Gatheral was one of the first to investigate this
question. Jim showed that a diffusive model (the double mean-reverting
model) could approximately match both markets.

Later, others have argued that jumps in SPX are needed to fit both
markets.

In this talk, I revisit this problem, trying to answer the following questions:

Does there exist a diffusive model on the SPX that jointly calibrates to
SPX options, VIX futures, and VIX options?

If so, how to build one such model? If not, why?
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Gatheral (2008)
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Fit to VIX options
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Joint calibration not so good for short maturities (up to 6 months)

Unfortunate as these are the most liquid maturities for VIX futures and
options

Vol-of-vol is either too large for VIX market, or too small for SPX market
(or both)
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Trying with jumps in SPX
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Sepp (2012)

Julien Guyon Bloomberg L.P., Columbia University, and NYU

On the Joint Calibration of SPX and VIX Options



Introduction Past attempts Diffusions calibrated to SPX smile The case of instantaneous VIX The real case Conclusion

Baldeaux-Badran (2014)
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Papanicolaou-Sircar (2014)

Use a regime-switching stochastic volatility model

Hidden regime θ: continuous time Markov chain
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Cont-Kokholm (2013)

Framework à la Bergomi:

1 Model dynamics of forward variances V
[Ti,Ti+1]
t

2 Given V
[Ti,Ti+1]

Ti
, model dynamics of SPX

Simultaneous (Lévy) jumps on forward variances and SPX

First time a model seems to be able to jointly fit SPX skew and VIX level
even for short maturities
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Trying again with no jumps in SPX

Julien Guyon Bloomberg L.P., Columbia University, and NYU

On the Joint Calibration of SPX and VIX Options



Introduction Past attempts Diffusions calibrated to SPX smile The case of instantaneous VIX The real case Conclusion

Goutte-Ismail-Pham (2017)

Also use a regime-switching stochastic volatility model

Hidden regime Z: continuous time Markov chain
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Goutte-Ismail-Pham (2017)

...but problem with SPX market data
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Fouque-Saporito (2017)

Based on Heston model with stochastic vol of vol

No jumps

Good fit to both SPX and VIX options... but only for maturities ≥ 4
months
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So does there exist a diffusive model on the SPX that jointly
calibrates to SPX options, VIX futures, and VIX options?

No answer yet...
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Diffusive model on SPX calibrated to SPX options

For simplicity, let us assume zero interest rates, repos, and dividends.

Let Ft denote the market information available up to time t.

We consider diffusive models on the SPX index

dSt
St

= σt dWt (3.1)

that are calibrated to the full SPX smile, i.e., from Gyöngy (1986) and
Dupire (1994), that satisfy for all t ≥ 0

E[σ2
t |St] = σ2

loc(t, St). (3.2)

W denotes a standard (Ft)-Brownian motion, (σt) an (Ft)-adapted
process, and σloc the local volatility function.
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In such diffusive models, the (idealized) VIX index satisfies, using the
notation τ = 30

365
= 30 days,

VIX2
T = E

[
1

τ

∫ T+τ

T

σ2
t dt

∣∣∣∣FT ] (3.3)

The prices at time 0 of the VIX future and the VIX call options with
common maturity T are respectively given by

VIXmodel
0 (T ) = E

√E [ 1
τ

∫ T+τ

T

σ2
t dt

∣∣∣∣FT ]
 , (3.4)

Cmodel
VIX (T,K) = E

√E [ 1
τ

∫ T+τ

T

σ2
t dt

∣∣∣∣FT ]−K


+

 . (3.5)

We observe market prices for those instruments, for discrete VIX future
maturities Ti, denoted by VIXmkt

0 (Ti) and Cmkt
VIX(Ti,K), with the most

liquid maturities lying below 6 months.

Can we find a model satisfying (3.1)-(3.2) and such that for all Ti and
K, VIXmodel

0 (Ti) = VIXmkt
0 (Ti) and Cmodel

VIX (Ti,K) = Cmkt
VIX(Ti,K)?
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The case of instantaneous VIX

τ → 0: The realized variance over 30 days is then simply replaced by the
instantaneous variance, and (3.4)-(3.5) boil down to

instVIXmodel
0 (T ) = E [σT ] , (4.1)

Cmodel
instVIX(T,K) = E

[
(σT −K)+

]
. (4.2)

Reminder: (The distributions of) two random variables X and Y are said
to be in convex order if and only if, for any convex function f ,
E[f(X)] ≤ E[f(Y )]. Denoted by X ≤c Y . Both distributions have same
mean, but distribution of Y is more “spread” than that of X.

By conditional Jensen, E[σ2
t |St] = σ2

loc(t, St) =⇒ for each t,
Xt := σ2

loc(t, St) and Yt := σ2
t are in convex order: Xt ≤c Yt.
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Xt := σ2
loc(t, St) and Yt := σ2

t

Conversely, if Xt ≤c Yt, then there exists a joint distribution πt of (St, σt)
such that E[σ2

t |St] = σ2
loc(t, St) for all t.

Indeed, from Strassen’s theorem (1965), there exists a joint distribution π′
t

of (Xt, Yt) such that E[Yt|Xt] = Xt. One then defines πt as follows: St
follows the risk-neutral distribution of the SPX for maturity t and, given
St, Xt = σ2

loc(t, St) is known and σ2
t is chosen to follow the conditional

distribution of Yt given Xt under π′
t.
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If instVIXmkt
0 (t) and Cmkt

instVIX(t,K) were accessible, we could imply from
the market the distribution of σ2

t , and compare it to the risk-neutral
distribution of σ2

loc(t, St).

A necessary and sufficient condition for a jointly calibrating diffusive
model on the SPX to exist would then simply be that for each t those two
market-implied distributions be in the right convex order:

σ2
loc(t, St) ≤c σ2

t

Any process defined by (3.1) where for each t, given St, the distribution of
σt is specified by πt, is a solution.

This general construction does not address the issue of the dynamics of
(σt): σt and σt′ could be very loosely related for arbitrarily close t and t′.
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In practice, to build a calibrating process, one would discretize time and
recursively solve martingale transport problems:

L
(
σ2
loc(tk, Stk )

)
and L

(
σ2
tk

)
given, E[σ2

tk |σ
2
loc(tk, Stk )] = σ2

loc(tk, Stk ). (4.3)

Solutions π′
tk to those martingale transport problems include left- and

right-curtains (Beiglböck-Juillet, Henry-Labordère), forward-starting
solutions to the Skorokhod embedding problems (Dupire), and the local
variance gamma model of Carr.

(4.3) is a new type of application of martingale transport to finance:
Usually, the martingality constraint applies to the underlying at two
different dates (Henry-Labordère, Beiglböck, Penkner, Nutz, Touzi, Martini,
De Marco, Dolinsky, Soner, Oblój, Stebegg, JG...)
Here it applies to two types of instantaneous variances at a single date,
ensuring that the SPX smile is matched.

It can already be seen in this limiting case that it might be impossible to
build a diffusive model that jointly calibrates to SPX and VIX options.
This happens if (and only if) for some t the market-implied distribution of
σ2
loc(t, St) is “more spread” than that of the instantaneous VIX squared.
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The real case

In reality, squared VIX are not instantaneous variances but the fair strikes
of 30-day realized variances.

Let us look at recent data (Sep 21, 2017). We compare the market
distributions of

VIX2
loc,T := Eloc

[
1

τ

∫ T+τ

T

σ2
loc(t, St) dt

∣∣∣∣ST ]
and

VIX2
mkt,T

(
←→ E

[
1

τ

∫ T+τ

T

σ2
t dt

∣∣∣∣FT ])
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T = 2 months
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T = 3 months
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VIX2
loc,T := Eloc

[
1

τ

∫ T+τ

T

σ2
loc(t, St) dt

∣∣∣∣ST ]
VIX2

T = E
[
1

τ

∫ T+τ

T

σ2
t dt

∣∣∣∣FT ]
In typical market conditions, for short maturities (up to 3-4 months),

VIX2
loc,T �c VIX2

mkt,T

The local volatility model yields a VIX distribution that is “more
spread” than the VIX distribution implied from VIX futures and
options. Consistent with the fact that so far all the diffusive models
calibrated to SPX smile produced market short term VIX implied
volatilities that are too large.
However:

σ2
loc(t, St) ≤c σ2

t 6=⇒ E
[
1

τ

∫ T+τ

T

σ2
loc(t, St) dt

∣∣∣∣FT ] ≤c E [ 1τ
∫ T+τ

T

σ2
t dt

∣∣∣∣FT ]
Serial correlation and FT conditioning may undo convex ordering.
The fact that VIX2

loc,T �c VIX2
mkt,T for short maturities (up to 4-5

months usually) does not allow us to conclude that there exists no
diffusive model on the SPX that fits both SPX and VIX markets.
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Example

A trivial almost counterexample:

Y0 = X0 + Z, Y1 = X1 − Z

with E[Z|X0] = E[Z|X1] = 0 (e.g., Z has zero mean and is independent
from (X0, X1)).

Y0 can be much larger than X0 in the convex order and Y1 can be much
larger than X1 in the convex order, if Z has large variance.

However, Y0 + Y1 = X0 +X1.

Example

X0 =Wt1 , X1 = −Wt2 , Y0 =Wt3 , and Y1 = −Wt3 , with
0 < t1 < t2 < t3.

E[Y0|X0] = X0, E[Y1|X1] = X1, hence X0 ≤c Y0 and X1 ≤c Y1, yet
0 = Y0 + Y1 <c X0 +X1.

In this example, Y0 and Y1 (resp. X0 and X1) are negatively correlated,
and convex order is not preserved under the sum.
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Example

We generalize the previous example: G = (X0, Y0, X1, Y1) Gaussian
vector.

We assume that E[Y0|X0] = X0 and E[Y1|X1] = X1, and look for
necessary and sufficient conditions under which X0 +X1 ≤c Y0 + Y1.1

mX := E[X], σX std dev of X, ρXY the correlation between X and Y .

Since G is Gaussian, E[Yi|Xi] = mYi + ρXiYi

σYi
σXi

(Xi −mXi) so

mXi = mYi and σXi = ρXiYiσYi . (5.1)

In particular, ρXiYi > 0. As a consequence, mX0+X1 = mY0+Y1 , and
since X0 +X1 and Y0 + Y1 are Gaussian,

X0 +X1 ≤c Y0 + Y1 ⇐⇒ Var(X0 +X1) ≤ Var(Y0 + Y1).

1We ignore trivial cases by assuming that all components of G have positive variance.
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Example

Now, using the second equation in (5.1), we have

Var(X0 +X1) = σ2
X0

+ σ2
X1

+ 2ρX0X1σX0σX1

= ρ2X0Y0
σ2
Y0

+ ρ2X1Y1
σ2
Yi

+ 2ρX0X1ρX0Y0σY0ρX1Y1σY1

so X0 +X1 ≤c Y0 + Y1 if and only if

σ2
Y0
(1− ρ2X0Y0

) + σ2
Y1
(1− ρ2X1Y1

) + 2σY0σY1(ρY0Y1 − ρX0X1ρX0Y0ρX1Y1) ≥ 0.

In particular, if σY0 = σY1 , ρXiYi 6= 1 for i ∈ {0, 1}, and

χ :=
ρY0Y1 − ρX0X1ρX0Y0ρX1Y1√

1− ρ2X0Y0

√
1− ρ2X1Y1

< −1

then X0 +X1 �c Y0 + Y1.
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The conditioning with respect to FT may undo convex ordering too.

Simple counterexample: if X ≤c Y with X F-measurable and not
constant, and Y independent of F , then E[Y ] = E[Y |F ] <c E[X|F ] = X.

In our case, 1
τ

∫ T+τ

T
σ2
t dt is not independent of FT since it depends on

ST , given that E[σ2
t |St] = σ2

loc(t, St) and that ST and St are positively
correlated.
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Remarks

For all reasonable data, σ2
loc(t, St) and σ2

loc(t
′, St′) at two different dates

t, t′ ∈ [T, T + τ) will likely be positively correlated.

If we use the approximation E[σ2
t |St] ≈ E[σ2

t |STi ] for t ∈ [Ti, Ti + τ), we
get

E
[
1

τ

∫ Ti+τ

Ti

σ2
t dt

∣∣∣∣STi

]
=

1

τ

∫ Ti+τ

Ti

E
[
σ2
t

∣∣STi

]
dt

≈ 1

τ

∫ Ti+τ

Ti

E
[
σ2
t

∣∣St] dt
=

1

τ

∫ Ti+τ

Ti

σ2
loc(t, St) dt

which implies that

1

τ

∫ Ti+τ

Ti

σ2
loc(t, St) dt .c

1

τ

∫ Ti+τ

Ti

σ2
t dt.
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Open questions

Instantaneous VIX: In the case where σ2
loc(t, St) ≤c σ2

t , how can we
recursively build martingale transports that capture the observed joint
dynamics of SPX returns and VIX, e.g., VIX moving continuously and VIX
increasing when SPX returns are negative? Conditional martingale
(optimal) transport

Real case (30-day VIX): Under what conditions does the timewise convex
ordering of σ2

loc(t, St) and σ2
t imply that the distributions of

E
[
1
τ

∫ T+τ

T
σ2
loc(t, St) dt

∣∣∣FT ] and E
[
1
τ

∫ T+τ

T
σ2
t dt
∣∣∣FT ] are in convex

order? Can we build a diffusive model that calibrates jointly to the SPX
and VIX option prices? If not, can we build an arbitrage strategy (“if
no-jump” arbitrage)? Stability of convex order under sum and
projection
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Why jumps can help

For a diffusive model to calibrate jointly to SPX and VIX options, the

distribution of E
[
1
τ

∫ T+τ

T
σ2
t dt
∣∣∣FT ] should be as narrow as possible, but

without killing the SPX skew. Ergodic/stationary (σt) are not solutions, as
they produce flat SPX skew.

Jump-Lévy processes are precisely examples of processes that can generate
deterministic realized variance together with a smile on the underlying.

This explains why jumps have proved useful in this problem.
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